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(U) The passive sonar problem is defined and the traditional approach to a
solution using matched filters is presented. Maximization of the directivity
factor for known signals with static, nonadaptive filters emerges as the prime
goal of traditional processing. Care is then taken to properly introduce the
cross-spectral density matrix which plays a crucial role in adaptive processing.

(U) r realization of adaptive noise cancellation through the use of signal-
free references is achieved with the development of a'&Correlo-Filtre"'.
UnfirtunaLe-ly adaptive noise cancellation leads to degradation when a supposedly
known wavefront deviates from an expected shape. Robustness and the need for
a processor which does not require prior knowledge of the wavefront is then
dL scussed.

(U) A noval method of identifying comapletely unknown wavefronts is propose.
leing the eigenvalues of the cross-spectral density matrix allows the number of

- sources tn be determined. The wavefront shapes are then shown be scrambled within
hpthe igenvectors by an unknown unitary matrix. Additional information needed to

* seiec a specific unitary matrix is introduced by modeling the sources as a
c erent os "conditional plane waves . While the existence of a solution
,s posei, no specific solution is obtained:' ,because of the large computational effort
required.
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4. Meriiioz hias wvorked in the area of acoustic sga rcshgsjc h

-Il 44 \V -ld Wa r 11. As filie first dIirect or of t he Frendci n a val l abo(rat ory

Crmi(' Et tites Reclierclies D~tectioii Soisiuari tes, lie gided I-lie develop-

it it )f Fi-en C acoist ic signal proc7essing from the ashes of war to(- onle of

11w il-ellijer lablora tories inl existence today. Now ict-re(I, this LpaI)er repre-
Se sa desire of D~r. Mleriuoz t~o sliare with us his knowledge of H-ie pa-st.,

I[ II t anidinrg of thle present, all(l visioni of the ftt re inl p~assive sonar sig-

m I J)( )ess ig. Hence this report is divided into thlree main chapters (2-4)

-e-elwithI eachi evoluitioniary st age ini our understanlding of acoustic

t~iiprocessing.

V.I lc (hapt er 2 Ie( defines the Ipassive sonlar l)r()leini and~ presenlt-s the
I ia i n~ia a o c to a soltition uising matched filters. Maximization

I -iii dirci vit f actor for- kiiown signals with static, rionadlajtivc filters

(t-iog('s as the prime goal of traditional processing. fie then takes some

ear' I ri prly Hrridluce thle cross-spectral denisit matrix whlich p~lays a.

I'1CII ].r IIIi adaptive Processing discussed inl the rema~ider of this report.

111 aple 3 Ilie till-fs his at.ten tioi to cont empor~ary ietliods for t. he

a(; i ' aii cela Iititl of nloise dihroigl i e use of signal- free references. lie

achiieves a realiza tion of nioise camicelatiori with the developmenit of a. "Corre-

h)V Pt reA. In tjortm iately adaptive noise cancelation works too well, leading

Il dgrada tioni when a. stipposedly known wavefront deviates from what

Lw~~~j I xIj ect l'. lie thlen j1niceedls to (isciiss robustness anrd thme neved for a.

tO t'Sltr whlichl ilo(S niot reitiire plrir kiovleilge o)f thle wvavef-ott

I II'S %vi are lead into -lapter 'I ill which1 lD. Nlerttiz jun s lorthI a novell

1i1-.1Ii')(1 ()f idenitifyig copltey rikilo~vw avfiis I siiig thle eigeilival-

n- f Ilie cross-sped Cral ilentsit'v malitrix allows, thle illilliher ()f soiludCes' to

'- tl-tt-llietl. The %vaveft-ont shapes are thlen shiowni he (ramiiderl wit hiu
aitiliI~tlwititiiItrv atrix. Alrjitittital '1I'ftlorn1iiom
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needed to select a specific unitary matrix is introduced by modeling the
sourcO's as a coherent sum of* "conditional plane waves". While tile exis-

V tftrce-of a solution is posed, no specific solution is obtaimed because of the
?re,,I roluputational effort required. This then is his vision of une future

* area or p)rofitable research in sonar array processing.
Sohie mention must l)e made of the nonstantdard notation used to (Iif-

ferentiate )etweell various types of vectors andi matrices. Row vectors ac-
cent ed with a left. arrow, e.g. ft, are used lirough,,t this paper to deinite
C(tll)lex lilter coeflicients. (olumnm it vectors accented with a right arrow
e.g. S, are used to denote a complex wavefront. Matched filters t.ined t o
a )articuhar wavefront are represente(d by the complex comjugate transpose

of the wavefront. Si. Matrices are accented with a double arrow, C.
Cross-spectral density matrices ((SDN) of different t.ypes are differ-

entiated using subscripts. Throughout sect i(ns 2.1- .1 C represents m~ise
ame. while in tihe remainder of the paper C represents a trans'ormd i,,ruse

Nalmoe (SDNI. The ('SDM of perfect sources is rel)resented y W C,, while fle
raw data. matrix is denoted by C',..

The Naval Research Laboratory contracted Dr. Mern oz t.o write this
report in A ngtst f983. The finished repo urt, was delivered to N iL )it
20 .line 1986. Since that time the paper has been revised( on a a.rt-t.ime
basis 1)y t lie edit()r.

Anv ieclhniical corres)ondeuce con cernimtig this paper should be addressed
to-t lhe aut.hor at: 582 (hemin de 1a (alade, 83140 SIX-I'OUIIHS, Franice.
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Chapter 1

INTRODUCTION

Thi pprdasNit h technliquesi fo prcsig soinar array dlata III (Inler to
(d illlII I( i- at I il t . I lt s a i (lis 1(11 i ll ( illC ilcoist ic sour-ces.

Th is h irset a. inth I f I id lug So)lil.c(s wviosi' fi('(llenic.V

111111 iilul ndavelrout :it t lie array are unikniownx. ( 'lisi(Ieratjion (I'i I his

* r~~~I.hllQ III is t lie next lo)gical stepj along thle evolutilonaiy pathi thIiat sp at ial

pill wessilig hias t.a kel o)ver t. le last few (leCil(leS. rb ris Pat ii is cia.iliac t(iiZ(I

Iv al dec reasing level o)f coiifideiice inl any~ kind of prior knowledge about t he
dIlct s 14 thle mlJaaI o iediumli which lhas p~roveni to be I i(wie a 11(] inl IU

iliv an V'dli lii preicIitalle its dtet ion 1) ranges andi array size have inicrieased.

liiorlcitoproviii a t 1ro0eriiiti'otiiiii for1 this prbeiit. is uIseful to

rit race th li vollitiliar ,v pathl WittI) a mlodern pimiit o)f view So) tHat. the( nlew
(ohiccfpts (.Illi hie priiigCssivelY jut rohliced.A a result. t his iutrUoductioni is
dIlvid ed u1t o t Iillee sect ioiis whicih crs~ id roghly to tile t hree 1iialim
steps Ini t lic volll t 11,1 ()f spatial siginal processing.

'I'lie () ~ f Ii recti vi ty inidex has dominated (if not chokuhedl) spatial
pl-midi"'SHIig fm-1 decadhes. Ill fact, thle utility o (directivit y index as ad(escrilpt(r

leirii very \'iV s iiigociit cidiitiilis hi )~ bsat isfied: ])()1.l1 tlie, signal wavelrimit
;1! In' 111 at() truti i f thle ii(lse field must he knwn The signal

t(iiii~h whuch Iiilal sIoiigiiiis Impie is limgllei's slih iliiiiei

* I - f HI/ Il w I II 'til.i (d ilircctivitv Index: the' iil )Iujtli lift for1 spatial

e* N d J.

I4.I &N"-



pnl~sYrti 3 II I .~ I iii)IO(' I to ~la Ilt111151 ratio(1. which dlep~ends mil

"4 the on inber o)f sensmrs arnd oI their gemlrtit V.

Direct iv~ity v irex was it sat isfactm- dv(escript or for thle high- frequeric ,v

slrot- a rie sriai iiar earlier 'reerialiot . MIairy senior1 scienitists. however.,

Call Preriber it a Inie when the soniar e(jiaI ioi----jin decibels was allowed

;IIIr iddit inial Iilil.) A, [,)I "llilaIVN.. Becauits e i e(hilliii wais t~lo/)(,Ii air(I
allowed for Ifl) alimliialit 0's. thle (orjce[)t had to evolve.

iii(fhrectioriaI Nvas 11 Imlig~cl sat isfatcorY. Norcover, it heca:iie apparent that
(1'S p li le) i) Il ()f I lie spa(t ial s1 p-d t1iure as fio.)enI %%ais to) he (fIIestimtiedl. lire

Ifew% lpict firefi Ill ii-varvirig spatfial st inci Ilre called foi. thet( (levelo)prrreit

-~~~~ 4~1 t imie-varvini li'(Sr. This led to t he juit ro-llictioni of adlapt iV'spatl

* ~iot~'sirig aid adlaptive hearifOring. fit willch anyj Ihnughl If iISflv o V0

La01olbd*q I liiI 11 h 1115 o o is lol (I i's dis IIis "; ci. LIsI"t ea (I1 I le' (I escii.1) 1.io11 I I tIlc

Nim Ise field reflecte I( ii t lie tI inle-(le]eiidleit correclat-ioi iliat rix changes wit ii

Ine tic.IIee I lie riot iol Of' corr'elat ioni niat rix appears exJplici I.Iv, whereas if

was mlY 111 p ii Ii t he concept ()f direct Ivi ty index.AItmul If'cre

hit ilt if ifi;AI r ix plaYs an if il Itant role ili adlapIve beai foriig, t ]att, role

1r (1 M I 11it ed cl Ii pa red t ( what it will be ill I lie approaich presenit el Ii iii

chlp t r L
Alt bough ilie io)t i(on o)fia predeteriined, stati' Horse fieldl hadl been re-

iaNell, the sinlwavefroi-i was presurmedl still t~o be a plane wave whomse

lirecIini o)f propagationi was known. The resulting lbealnf(lliner oll(atell

1", lw)k SiriiuiitarlllslY Ill all possible difrections with ipre1in'rlledh bearms. 11)

lbalptlr 3~ we will genieralize thle prolheml slight l v by assiiiiiirg thatid-
hmliIlie signal wavefrorit isknownI, It is riot niecessarilN a. paMe wveI.

*ioamifOrriirg" t hern ibecllles adlaptive mrlesil iatched t(1 a giveil sit!>
I I a I Wit VChfl lt.

Adaptive beaih Orrliirg was, doubt less a significant. step forward IIiI tihat

it cliiiiiateol all p~rior assiliiijtimlis ai~lt tile st irctilire ohf tile llllie field.

Its Il()st lies inl thle rneed for a significant arniririt (of real i lie cO(Iiil)tltiiig

p1 wer a rid t11 le eh1 i ii i fw.I its , 1)111icillitati~ 11111 a otill devlllpi hg .

* ~~~~~It xv f 1111 lta I 1 . anri I t hias a nad~l I)w ecu sIl i t hat ad apltiv he I"air-
hfI I I II I vli In1 t Ie gelierait ,ZelI f')l I tI (il'sclrlell i 1 chIa pt er :, wiltrd lhe

1iitiii Ilhv tilie ('Illv assillilptilli dt retairied: iarlirel. t hat tire signal wave-

Ill.(it is, kii'wni A\ first gI ,,Ile I. alliv atiit III e lituirrlate t(is la'st ail IIIlp-

iIlII w',l-I 51 11 , hipl'dles . N evcu I- I I cI s. ;i d' 1,,f anI- a lsit .. ,s l If , I t li It F ril e

%:
A^

%
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It /' ril I I At3

It I, i I-IIl I .I I i I .Its I w , t I I l it ,,' t ,,s ,/I I il ,1 l r ,I I. , I I 1 it I it Is

- ;t I I It It fi I l I s t h ll j l i i th I l 1< )1 III II e I , ' I t l I',,r Ill

. 1, iI t ', l )i, I i ki ,. I lt , tth u l 1 til I til I I it l Il Il t !I. 1,-,l I f I i,

it I I l, I I l ) I 4t i z I I , a l t 11 I 1 1h< It rIt, I o - ,  
,tI I I , I Ill ii%% I

, ,i , I " 4 li t f- r, If I 1.- 1 hi l t i Iit tit,, I I s ll'I Ii tI l' ';llll j .' \III lt .; I li.'o

Ii i i' ' ,i i t I I III 1 1 111 i I 'c,. tI r t s ," it 1, ' .4 l r r h ,'

I'. I ., I ., .it, t Il, xI I lt -I II I ilc s ,,, i r l , .,l f I ,, -1 11 11',' ' L! ' ,' I 1 , ItIt ,f I

It (if I , i'l,'11 -1, ' i It 'Ii". I i t i i t ' tI ]I l l I tl ,t ; II i t .t .a 1, j ;,1 1t I t ,lI Ill i i-t d

• i t .c I I 1 1 1 , , 1 % I t I I I I II)v I - i l ,, Ili l I II III t I lI f' i 'f, i S

ct."
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NeetIwes oieeprmn tIII etIg t)III;js IA h1 IUI) I I

piarticuilar aspects o4 i lielleOI wi nell Ie c11 arlY veriiatilol wvIlI I~c

jill(IIcalt ed. I tileedl theI( k Iind o f '-weak" assti lit p t Wit, whi Ich remiia i i ill cI i~t p ter

Iat-(,. lin fact,. tlie last rampljarts ill Spat lt plocessilig. I f t hIes IC"V s( IlI I

Sl mila r assil I ill Ils were to(t ally , vI Iacce p It aI le Ifm. a g IvenI pro Ilde II. tIec

i-ilia 1(11 WOUld be thlat 110) Sf11501' (ollhiilat ion wmiIIldb le 0W efl't ive

tl Iit sitI glIe se IIs() 1. Such i a ct is t rol Iii cs(, seemlIs (Ilite iiiilI Ikelvy. lI wvever.

4 he(allse alla vs hlave t hIlis far pro(veii to be uisefiul fools, whlich (h) pilfl.ide mwllc

- 4- i2,aiil ~i. alt fiotigli gIicerallv Iot tile gainl predice ('( cv urrlent t Ieoi

N.
'4-.
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Chapter 2

DIRECTIVITY AND
SOURCE IDENTIFICATION

2.1

Ml itch has heen wriit t en about direct ivity, Nellt tie conlcept ac't tiallvN coiit aIlIIs
I xxI liiilcte11 ni ot ionls. Thie miore I'aiiar notJ ioln of' angutlar resolving power,

%vN- cl i. ielat efI to ) ealliit it , has significance for 1)01 It t ralisilit t ig alinl
I(((,e VIivirarays. Thie scieti ic literatunre dea lirig wirthi thre Illiifilzat ionlol
Ihrmiiili m1 Ilite re(llIcliohI of* silelobe levels is ext~eiusive. lFor receiving
i 1avs It Is veil knolwn tbat.b li sing iioni'liear comintion lls of 'seilsor olit-

pill",s oneCli all 01 obt i arrow~eri 11110 beamls a-lil ielic( higher resoltint ll 11

\vit I lV tedliIies, at least. for strlong signals. Suich nionlinecar procssig

Ihiuies arI neffic'ient and~ unist able andial l eadl to erroneouls results Ifor

We'ilk sighhil III it a in Sy enivironmiet. The second( n ot ion collt-aine1 lin thle

Pi uI e(t of (litrecivitIN, is I hat of direct ivit y factor or, ill decibhels , direct ivilIy
P ldex . whiich IS is a Ilieasuire of the spatial array gain (i.e. Ote Increase ill the

sigii1;11-t 0-liolse, ratio) for signals, wvea~k or stronig. ili thle p~resecuie of noise.
Ilfe.;Ilse omilit cut ion is to t reat thle (elet ont11 and'1 identif iication oI* weak

~wuialsIn barkgv~oHid n)oise. we*( areI coiiCeriled lher" (,Ill\ 'vii 111ci second
Ill 'ti](,i (d oliio'tiviIlY andl Nviii Iliiai. coiuiliiatioiis (dI 5('i500l'. ['Iis wei

dll xviii primessoisr. 'vIichi each senlsor out pit is Ipassud fl lighit~ a h14i;11i
filter. IKlicl filter. chill he described ili tcriuls vithler of1 Its liliiiuilsi' resp1onise

I''fii> oi iu' l-cquieluc *v resp~onse. whlichi ;nI a houurii(' pair. Thletiii

(o~iifh~ilh wIi l heii Ioo isol ill this pi it) hife to w ii 11i11ioflthewtitpluis



of these linear filt ers.

III a notiadapt ive lbea i ljer. s rich as ol111 ha vi ng (classicalIIifii

beimis. the filters do not change wvithi tilile: ill adaptive lbeailifiers 111

filte ch laract erist ics are conitinual adjusted~ ill accordailice withI thleiifi
Illationi oIt aified fromh estimltes (of the veviiii ffoise cOtreAl I niliat ix.

Tlie permianenice (if the filters ili classical lfeaiihrmiiii is a direct (iiiisti

(juien('e of the( very rigidl assumpilt ions miade alhoiut ( lie stuctunre (of lie sivl.ja I

an (i nOise. 'F Iese a suii 11)s ar e:

1. The signal is uncorrelated wit il tilie noise aiid is carried hY a single,
plane wave comniiig fromli a (lirec ti1 ii sp)C-ifie(l by "r- whIihel stal d1s If
the two antgles. beanrng an It

* 2. The noise is onitiilhirectiofial (i.e. spherically isotropic). Th~is llleaINs
that fo r each frequency the noise field iii thle vici ity Of f tlit, a i 'V

is C() h l )5es~ Of* a slpehposiitj(iii of uircorrela ted laliie wavyes whi chi
cali he dlescribedl as carr , ing equal power fioim all (lirect ions1 or as"

being liliforl-1v dlistribluted over all solid angles d/w I iiiplicit inl hOtii

assiliffti)fs is tHe noton lbat tflie- Iediliii is isOiropiic.

2.2

For the signal aw ii in se fields dlescrib~ed ahi ive. tile behavio r of, the a rra v
is coiiijletelvdsrkdh its planle wave response hilnet lol. l'or a g"i cii

sejIlsi~rCOil Iiii at i( i thle ph iie wave response is t le coimiplex fun ictionlI)

Which gives thle aniplitudh~e and phase at thle heamiiforineroit iit wheni flic

input Is a, lunit auliplit~iide planle wave hlaxing freqiiencY f and comning fri il
lied(irect ion e . Themittput phase is mneasured relati ye to oie iiithle sensi ir

or)I relative to om re referenlce poinut, inl tie array.
For a nionrand~omh signal cominlg from i te diiectioii Leo, t lie sNyst el ic

sponlse'at frequency f is (f)(w,).wheres.( f) is the coiiplex aiiplit iidi
Of tile Fl'ifer, cemolffpiffff at fro,etmiei f m;iicslired at 11 iesignal wigill. F,)I

his signal Ihe p~wer spect ral deiisitv ait lie (ehi put is .0( f ) I
where tilie Vertilea Ili ias f en itetlie nii ii his fiil ai (I hipleX 1)ll WI ut.. so 11 a t
I ) 1 - % It I IIt I lIe star dciio (t I IIg cI IIdil exc() ij I I gatfioii1.

I f thle signal iouiiinzlruii h. 11I lie 'C' lir-eeti P ii is -,I ilasti Wt \Iiiwf 11m pit'jw

f~~ liiit vI I I S i. f J, I1 1 tfIj lI v e I\e w r ect Ii-iI dehfsiY ;i \ I h le I e;1 in Im -hh er hfit 1,11

% %



is i * /)~C~ / The fraction of the iseit ro(pic noise inl I he Sohidl angle &e'

W111itriltes t1'erili /)(I/') l)(. J1. W&2', to ilie out put spectral (leliSity. where

11 rSp)(,(.I ia I dcIIs ItX Y of the noIise pe. iiiiiIt Sfhil d an Igle, Is 11 If'le-

P 4~~1-ilil .I Bec us I(( iti5 ( li ms ilii'cOit rilmi ions fioii i ( -ilr s~lidl aill(5l

I sf ' i I I (. (.441 I)11 fr I I II IfI)[s f I I t lie s501Id a Ilgles 12 F( )I. I lie Isd I r pic

2.3

I. I I I tI )(. liat Ic Signalit cmo i ing froI Ii iectiloull I hie signal~- t (- imise ra tio

I I ) I I piIii t 1 1 I 1 e liea I I I (l I ter ca it be (Xex S ( prese at' it IluI m ()f Ireqilie IievN

1, 1 liil 44)msi\4'e (l1iiiIIV 1 OlOrihii to thiIraddtltial (Iirectivli x

Id, 4t jp;Ol lioesitliI'ii riresiiid maxiimiziing

) , cfl (J >cI I "1 1 gem)I Ii r v. ()f 5(11 m.cmI50h11 C i ti it ,. r f Iolli. f e)li

le>if geliie )11 v is fi Xel a 1 d I lie clliie o)f sell Smol Cui Ilia t ionii s

x a I ll tha Cia dise ilI i 111tioiial f(i ()f 1) is kqowi anil ti soltil o

l'C~iP'~-I aiglt frwar. W shall develop thle solutionl ill a iiiaiiiier Which

01l rilde 11 J)O"sildle to) jut)-mdie cpt(Q ()of inlipm-taiice Ill later Sect ions

s(i sala iic ('tt11 I.0 dcsciilws I %\I (daeso proressinig:

]w ir l:t- 1 I (d' prml sii is po'rfoiiio'ul 1 thle iirril its'elf, nobr-

hidclii~ 'd, ii 5' 4)111m I.,)III )i \il 4' ]( It.V '-I wli \ ep liilf iuifil'rs

liIl h -1 1 , 1 l i ( I 1 11 1 - i 1 . ( 1 - ( l i , 1

il dw tp4. rm lr ; 0c'l~~x 1111e s
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where N is the numbe r of sensors. This set of nu b ers is t Ili ira I;sl i

%'I'-" tion through t lie array of the incoming l)laie wave and cal le c('(lsii(-

ered to be a vector iin an N-dimensional cotm)lex space. Fm-i a uy gi Ven

array geonietry t. his vector is easily constructed. Let h c(l,(..f) I ll,

Fourier-transformed (ltput of tlhe W" sensor evinahc.d t t'requenc
f and let iI(f,.f ) be the vector whose N eompotieits are th /i,,

2. The second stage of processing is perforned b*y the cmbl on ati m

that, is. bY summfing the mllts of, the N liiiear filters. l'hlse fille.s

are described by their frequency respl)ises. V,,(f), which a r. the c',on -

poments of a or f(f).

The bean i'oiimer iutput resulting from these two, stages (If pi')eessi ip is

D bf (.,,f),,(f). 
12.1)

*" 111 (lnerstanlig; that all qiianltities are fu).nctions of friequency. we sliall hen ce

fort.h suppress the frequency va.riable in order to simplify lie nIt atin.

If fU is taken t() be a. row vector and i(,,) a column vector. theii (2.1
1)ec(mes ie scalar )rodiuct

D(.) L - RH(). (2.2)

The cohlimn vector Hf w,) is a particiilar case (if w hat we shall call a 's,,iirc,

vector" correspornding to a reim(ote source I i;mmsmiitig white I ise whih

arrives at lie array 1rmim the directio, Le. 'Ile ('rres)(oding nmrnmaliz.l

vector is F(L. ) H(L.,)iH(u.)j where IH(L)OI H iW(w.)H(w)fl, an(l tle

superscript t indicates the conjugate tranisp.ose. WAe shall refer to(. the cc't,
F as the "wavefront vector," although it is nIt. the lhysica.l wavefr( i (here

a plane wave) but its translation through the array of sensors. iII lie
Z co)ncept of directivity, it. is implicitly assumed thati is wavefront vec(r iq

ierfeclly known for plane waves arriving at the given aray'), g"e,ii,tr'Y.

The filter response I,, ])]list he c[)iosen (l )axiniize thl" rt etii

I 1  /)(.,' )i'-Y

()pt imiza t i ()I f iof ' .o 1 ) iisiially lead" to a i 'i l ,, iiifl p 1i, t h C
~~~~~~~direction. 1If. h,)wqx',r. addlili al c'm)nsIrallls :)'11- placed ',l ,)1 ll >,t ,|,

,..

A.,
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>11(11 as equ1alit ()of side- lobe levels or a predet erin~iedl rate o)f decrease iii

,[dC 1(I)( leVel. th eln tile ma xiiniii response of t lie aruray in ay not. b~e inl
Ie~ (lilect iml (d, the( source. Iii of her wor-ls. optimizat ion (A I li- dlirect ivityV

hic1 or di .- ltme liceai , et hel requi remient s suggest edl by a desire to

0.1 IlJIP'lt iv(I ilar iesohiit ion. St ill, f)t Iii'iation o)f i lie (lirect ivit v factm0. (loes

pril t li illiaximum sigiial-ti-o-ise ratio und'.er Ihle given assumplt ions.

Thii~is 01iC ill tist ratim ()f the jpreviohisly mntion(iedl (dualityv ill('h cmicepi
of d I 'CCi II V; V.

2.4

\\itil I)Lc ) given hy (2.1), thle Integral Ii the (iloItlator of p("wu) call be

wvihi (-ali I)e rewvritteni as

.V V(25

Tll imIaitIty wh)~.)iw) vich is the elemenit Ii tile nt"I lOW all([Ili'"

()hliIio 1t le (leilieliturv miatrLix H(W)Ht(w C), is I he cro)ss-slpectral (denisit y
(4 hei field ('oln)ilig from Illt lie direct ionis u. T[his call be seen bY recalling t he

Ifii a 511irce with spct ral densitN In- passes thIirough I W( filt ers

Ii,, aii1 b .. Ii parallel, then(I t le cross-spIe('trla densi ty o4 the t~wo
wiiipl)its 1s (Th, h;,, (see applendlix A ).

lit th Im ui tuula i case lifidi~el colisid'lat toll nT 1 , l)Ccaluse H correslpmlIds
toamin ii 1 Itud lai ave. Thus. I lie Crd-lCci (elliity matrlix

fma; po-Ilike source Iin the far fielId is a d vad ofd, ilie riiH(, t ()

Ill o.-lif, t lllers ,talid i the apJroach l iIlie laterf sr-ctions o)Ithis paper. it
IS (' sweltilil to, ohi.erve thlait ilie rank o)f this mlatrix is I. evenl thou)Igh its,

orde iX. hIideed. every vctor X that is oi ig I() t H inan (N I-

dill w'P mll'11, 1;lc 1 trllII'm- cd Y H hI m ll v ch~. O viwsi.

0*%

N I
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with i and X as columni vectors. we have HXj --0 which i unplies thlat

(Hi-t )k = 0. The only nonzero eigeuvalue ,f fifi is the scalar HtH and

the coiresponding eigenvectoz' is H itself.

2.5

Looking flow at the iut egral oi the right liand side of (2.5), we write

Sh,,(, )H,*, (w ) &e. (2.6i)

This is clearly the (1n,11n)th element in tile su ii of an infiniite nllt ilr o f

elementary cross-spectral density matrices linked to uncorrelated poilit-like

son rces. Therefore. tihis sum is tihe (n.)l h elemient of the cross-spectral

ldensity matrix C for the ,orln,,lizcd oinnidirectional noise. Although each

elementary contribution to inatrix C is a rank-one ma.trix, .ile rank of

C is not uinity. Neither is it less than the order N, because the rank

increases every tille an eleueli arf v cottribution is al(lel, al(o there is an

iiiijiitv of such contributions (tilis will be better illustrated if] chapter It.

As a result, the rank and order of' are A' and C is invertible (i.e. C

exists). Soinething sinilar would happen if tihe sensor outlit.s consiste(I

of iInde)endent noise with tile same spectral density. The cross-spectrai

density matrix would again lbe of rank N, bitt it, woild have a siiipler

foriii. being pro) rtional t.o a unit matrix (which is not true for latrix C

It is obvious from (2.6) that c, . c, . The iiatrix C is llermitian.

C C[" and as a result has real, positive eigenvahues, as does every cross-

spectral density matrix. The same is true for tlie inverse matrix i. e

right hand side of (2.5) carl (ow be written as

.i,. 
.

-', which is the (uadlratic 'rill ,for tlihe row vector B t lhruli the lmatriX .

.." l'l e .iThis ill. f)OSitive s lai' t lihe s eC rial dllsit 4 of 1c I e flh ili IrectIo il i is,'

;0t t lte out pu) t od tIe rcoill ilmi itill ( ," sf'i l 'S.

t



2.6

Loo0kingP 11mv to ft(- nimerator' of p('w'0 ) ill (2.3).

1)(,V > 12 (wo)r,,.

to \ rt
N N

t,0",)Djwo) \' \l 'J,00)

'Ile quianfit iY 1, h~ w is die elemnt il tilie ii row)N and oll'~ Colilliili
dt i iat iix reoIIula ted to f)ile Incoming plane wavesinlTh ak()

his miiatrlix 15 it y. lThe only nionzero eigeiivaltne is the sc-ala r HitHio and
tie1 ass( -ia te vi igenivect or is Ho. As wve shiall see later, H0 is file suce
vee tm (4, it rcril ite sour ce Irawsilif.tiig a wivle vuse firnil the 4 irecltm ion.
WVe hiave

(wI R~ RH , R - 1RHj 2  (2.7)

wvhich~ is siiniiltanleoislY tile quladrlatic formi ot tile vector. B. through file

liiat rix HH and thle s~ptarIe o f thle modithus of file scalar roduc)(t, RHO.

Nlaxiiiiizing )(LLo) In ( 1.3) thieni consists of Chioosinig thle filters ft SO dls

p(wo) R R 2~

Th'iiis Is exact ly tilie samlie problem thiat, is encolnteredl inl det ermning t-he
s pa al mnatchied lilt er loi' a nonirandomn signal ill Ole presenlce of noise, whose

co)iiijiix spectral compllonenlts at the sensor outs ;it-(ar Ho. with a cross-

s'oecral dlisitv, miat ix givenl Y C .
Ihie sodlttion is well known and cani be 01)1aiiied 'in several wayS. One of*

thrill is brieflY mithiuledl here. In order to present it inl classical lo0riii, le t us

chanlge noaio replaciig i lle rowv 11at ix H. withIi Ilie rowv 1mrix Xt.
-. h C"i1i111 co 1iiii 0arix X t lleu represents, the filters I'l t hrogh Ilie convention

e1 w %r W~
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, r'. In the new notation (2.8) becomes:

p( o ) - •(2.)

Matrix C, being Hermitian and invertible, can be written in factored form

as C = Mt with I an invertible matrix. lence:

-1 i-'i* -t M-' 1-) . (2.10)

Defining the colunin vectors Y and P0 by:

*~ P0  ( - t)'h (2.11

equation (2.9) becomes:

-* p(wa) -,0 2 (2.12)

Now the Schwartz inequality states that for any Y and Po

Equali y occurs whn Yii ani o are para2xllel:
Y - CIp 0 . (.1

with o an arbitrary frequency dependent complex scalar. From (2.t2) and
(2. 13), the mnaximiization ofj( wo) is reached through (2.14). Th is mnaximumin

* in conjunction with (2.10) and (2.11) allow X and R t.o be written as:

0 (2.15)

which is a s)atial generalization of the miatched filler Itheoel)). 'he Inaz-

iiimimI value of p(W- ) is theu.

-H,C H,,. (2.1(i)

-,, 1,
,,

d.If'



I'lle lilt ers I'l andI X definied by (2.1 5) are multiplied byv al, alubt rarY
lilt er fact or Nvll (does nlot alter . ( Provided tile filter has Ifo 111illii
its, 11luiiieieN res ponse acros's the useful battdwidth ). If soiv of thle filters
il( a! i~iraisal it Is, possible io make theic so b)'y fini ntg a t ime delaY (or a

A. ilphase flftr ill secries: vxf) 27fT) ). which tratnslates all tile impulse i(5JsiitsiS

h) ciisaslit v . Moreover. iti I.- also po(ssile to get anl n111i/Ico- signlal spectral

li'isit V% otlt the oiut pit of t lie lilt er cotmibiniatlom. Since t iilt lnla tec goal is

ht ailial ,vte filie spec) tal detis it ;'. alt ttttalteredl signtal is generallY 1-v(pliit'.

)fit, has t,) choose II(H, i -I1 wltici Is equmivalenit to

1)(":, p 12 112.17)

becautsie of' (2.7) ( oisellitei itlIv.

lo (1jC t1i4)

1 M OX 12.1)

A. hlIle moilre re..trclvie coindition L)(wo ) [ = 1, f~r all p, gettera]lly mtakes
(ie fibre I'Mmliiar direct vit v flinctions all-pass fllfers for tile signal. .Nv-

kvai t liet litial expression tor X a~tid R after (2.15) anid (2.18) is, withIitn all

~. it a 'V, phalse factotr:

fio

HICIH
H tC(.)

2.719

Ill 1his. spicto ii Wie oiied wvith Itirectivitv atnd otiirieitiotial noise.

\e('tlii H Is tlie arrai' tespotise to a uittit a itplit li plic i wVe (I lie gei iii mtriv

'diwx ~ while C ihitilotes a lmitiilized criiss-spi'W ta (iltisi v miix
iiiki'ih)1 1i v (2.6). It i miioiwom'tlt that all i'elatiiiis lionm (2.9)) to (2.11))

;ii.i r'm vai lo' it 'ei'tii H, anid an.N croiss..spect t'al deiiSOtY lniat tix Foriii

11Il itIm r i " 1 11 il" Sg i.f( ) c r i i )v ii a c ~ l " K i

it t ) h 1 1c % il i hP m l .c t~ c i i~ 1",)c l-i d 1. l ,t l



tt1ptiliil ct (4l fille~rs IS gl%2,Itl Ikv (2.19) wh~en f lit, ;ojtis ,piljal > ttclj 'I-

pa~l-1lv t i-catI tllc proctssilig poliii Or alliv spat ld! sigiial recprescilittl 1).\

I 1)5 iisII chia pter 3

iiit.. hack tot dlrcctjvt w.xe 1iom. litvc all mi puItl~l \it Ii tit lie IiIcI(

sIgllal spect il (lsitY (I IIiiiixe with thle 1laiHm) fIle tiiilI(tnia o

w ic Is let tlrli )liI t lie c )iiililiat it) II B. orI X. A\c c r (IiI Iv t c) I I1
Ills hImst' spctrIal (llsitY is:

b( H1x H

Hi'e f'actor. HO1  H I is Iihiipj)Otatit b)ecaulse it is- con~sidIered to he prkeetl~v

h imvii ill the tlireclivit 1, concept, Since i lie signial atill Iilse are liitttrle

kied. 11Ilie tot a spectral dlisli v o)It Ihle outp1 uit Is (I b, ,',,, . e tIi

ill I Ilit Spectral alialvsis of the signal IS Iha he,,~ad ia licnligillt. 6tt

it lil.t vtliie (d' P ...... It'.. a large~( arlaY ' v g ili. I )oiiig hot tei'req ie (i

lklitxxt'tgl' (J1 1) ii ttlt' toideut ifv" d. i lie tuil~v paraiiiter which reiiiils

1iii iiltliedt ill tilt. dir-it ivitv Y lie~

2.8

[lie1 lealI prlli is to) get an estiiimate for)I 1. Heenarises i ll(.i
-sigiial- free I-rtlimce." The po(Ssi hilit N. (d b ilildiig a cminllpiinat it (di

'itsv.hic IfIl vv httt thc Im itise appcartite lIs owl \i:t t't-rh i

U t tilt 1)11 t c I I ttiill i iit t )~I, l iir. tist -xx il tl rmtvit Ita iiI i V S id i l1

1 ita Hi tl ett r- I I n iI t ile tI)~ wl lit the tI tl isl( al t1 i i' C I li I

A~~~ ,4* .- . i.' A

v. I -t ctfi ,-I ,It Iw lc w Il il I w \ 1

(.;Ill~~~ ~ ~ ~ ~ ~ Il.d cV1,1"L 111 .1,Id le (11I ,( s ilIl l\ v 1h l i



liit lIt 'I IrreI(Iit dclassical1 1)iref I*()I'l-l e I ii I I IccnlIiitqies, Ilhe role of' t lie

sI it I fl c ic II I) t'iiiiaI V ii is a l)I)ro(Xiiilat dly played by I lie Iiiaii valuIe oIfI t(i

tiit S ,iIt ,i ~I IIs adja'eiit to m. Clt)SC by I Ile (le bleing t est edl. Thie fact

11i at ('1 Itlv I eglil oriiig hli iii 'ae considered clearlyN reveals out' tillea'sitiess

Tie driawbiack w~ith thle lrei'Cmois lfloce(ltiie is t halthleire iliay he So)ilie-

lliiU, ot liii t Lii tIlie signial CO andith le OiilliidiI'ectimiial ims' prset III

part it'ilar. there iiiav b~e )t ll(ie smii'ces which are iio)t well dlescrib~ed inl thle

liict't vOt CM (oi('I )t as iiiiwaiited liiitirectioiial imse. Th'lese o)tlie'I smiii't'(

ta Il addi li 1k11it \\'i it t- bult Wisto 1f) bhI coiiiat I( thS 1kO ai uulXT anid calli

bt laltieh'i as ''uiiwanited sigiia,.-
olicerilinig( thle priesencei(' f' uinwanted signals arriving at thev arhayN a,,

plaiie. wa.ves which are 1iicorrela~ted with each otlici' withI thle Lc() source,

aMid wil hi thle miiiiiirecilmioah noise, two( situnatllons cani arise:

1. li t ilie first sit nation. the( directioni of each miianted signal is kniowni

Io t a we haIitve knoI w led(Ige t If

% i. and tl terelore H,

aII(l I IIeiref( o re H

A:[' aliid t lere'i oe K,

(Ill, 1 u1ilst t lhen seek it "~S()iit'te-fi'ec' referetice for t it' (mlitIndirect ioiial

ii tis which has a vecior V out hogonal to all i lie vectors

HO. I. p HI

Fmor t his to be possihle. there iiist exist a suihs1)ace "fre-e oIf sources.'

In1S. N\. t lie hililtiler o)f seiismrs inl f ie( arrayv, uit be larger than

P I . I lie iiiiniher o)f' sources presenit. T his is bit thle first illustration

(d how%% thle ari'a hias to hie large ('11oii1,i to suirilliioiit i' complexity,
of Ilit'soil't'esyst Tii hllis topIit wvill lie fliscuissetl 1,iit liti' ill later

it tI1 11 d uI I ill N P I , is 1fiillt't it Is itt tssiltic t4 ret i't'iit t Owli

iiijt jt'i li a Iitsi'c i'' pc ia I liisi I lit li I lit (i it " () S tf t lie c(i' II -

(411 c . 11 h ilA Ii , m l m

% %
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we wvill still have spectralI contri but ions due t o the un"want1ed signaMs.

Spectral analysis will yield

.10 ' I +-(11_1ft i 1 j2 + f_ (1p ihR i'p 12 a-t tile 110 0tI(lid,
A1  d R1H0lio + di + +t dp Al HA p1

2  at. the H1l output.,

., d R o ±..-dpat tle Hip out-put..

Froiii t his svstenli (A ( [P+ I) equlations foir thle (P + 1) tinikniown spectral

dlensitijes otle call idlenltify all tilie sources ill t~eriiis of their iniidul al

SI)eI ni I(den~sit ies.

2. hit the secoind situnat ion, tihe direct ions of thec unwan t~ed Soirces are

unknown, but. thle number of sources is expected to be umuch less thain

N. It is t lieut still p)ossible, ill priniciple, t~o remiove the olldirect io~ua

no(ise frm til le H0o otput. By sweeping with a variable cominiatii

Vr all tile sublspace ort hogonal1 to 110. we call deternie a. cone ini

-, ~~Whichllc the oiSe is l)Ct~h lfiilin and( constant at the Cutt.)lt. of V1.
T'his valuie is iialifed to represent t lie (-)Il Ilid~irecticfla) l nise. Such a

proess Is cert ainly painful andI will be used reluictantly, becaulse thie

Sticnt ()m Ii iid irecti( ial li()se assumiipt ion call njot lbe truisted to suich an

ext ent. Aniy wa: t here is now no wayv t~o eliinlat~e thle cont.ribuiti ms

from i a ran11(011 (list ibut 101l of othler sou rces. Idleltificatioi (A tilie

spcct ra den sit (I is hazardous if niot in po)ssilble.

* Inl thle pract icalI ii plemleiit~at ion o)f classical heaiforming, where every

- waxvefront Is takeni to bel a plane wave, onei seeks to build the array large

? cilloighl So that with its many narrow beanis it. can minimize thie scalars

* ( 11;,Hq) and limit thle interference bet weeii soul'ces. Within the limit-ed

framlewo rk pro)vided by the directivit~y cmicept. tdheie is lit~tle inl(Ime that. canl

I)v (l()i(

2.9

Thle (hIs( 1i simn oJ ilie direct ivitv cm icept call be Sltliiuarizedl as Follows:

I. 01nix Its rxiHc!ssioti as ii lc((lvilI1t4 arraV 1211111 led~ he c(,isidlere l here.
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I ;Iv;I li, i (l t he p tsii I die ircalic Vi(4 111lil inillss cis (C(i)iSii ler;C

Ii IC I I c ; I Ies I Illv I lIt i I at I (I I Ift I lIe \* v u11t ct sI gI Ii I

%Ihe videh pi~l \C(I 1)\ t cm()i'~timil uiiat iix Is, liuilesl t iilv hC'calist

iluit h ioum 1)(--..f )~ Is sallY licctl 'v accessillle. the appe~taraince ()f

1 l1c cit)SS-SpctaI Cllsit ,v mabtrlix lii t hie priesentatio l ll i sectimi11 2. I was

til iu(CCSSai\, Mnid smiitMVat bat'det. flue (Clil it'al50l I'M ju11-liiiig

it wals to) pieseint 11l1e him' tivitY V (ict'fI i ll iiiaiulie1 W~hlich wvill lbe

* t'~~tiit lii lat('r sectious.

1),ii i.,1111 maturn ix. it was (fll i i naurl to cim"l R f()Che a 1-()w matr~ix.

Ire auic 1t Is delesiafCC to Iiaiithe onlY %Vt'Cto)i5s of thle saille SI)cties. homveVer.

WCI tCii t C th' I ilit' filter vectti also) t) be0 al (ohulli veetor. \\itli thle ('(i-

\iiitiI hatif ilit fit'(Jitenii, resfI~lises appIeaingJ1 lit It( hiC tc 1111V Illllit vt'cim

fit' I iCIV'f.*ltp;' Clui~ t' thle filter (.ohliiiiu vector will het idetlitiill f II t'e

I v; tel i jt ii whichl weo fiait 1111uiS fil lealf. 1llice'ft111 wi xv shall thaI



Chapter 3

I ADAPTIVE SIGNAL
PROCESSING WITH A
KNOWN WAVEFRONT

4.' 3.1

Sirst liii to' cmumIlii felit al)Oit statinrtad alaplt~Ivity. C'onsider a,
t rii oi n t Uf kc surce t ra rrsmit t ing a ranomn sign a) S( / ). This signal

it set (d, N selislirs a fter p~assage thbrough a p)ropagat ion medium.
*~ 11" I uweietlN (d, iftlle a rrax is known and( can be referredl t~o in terms o)f

r~oidiffiftes. Iil spacinig of thle sensors is a bout hialf a. wavelength
(I 1 IlIvIliest expected frequencY. The outptsISf these sensors are N

Fr;~sexclusivelY caused bv .S(f() as muodified by thle Iluedliun So far 1n0

(.1 1.l "rce m.I lmlise I u tereI'iceI is pr1esum1ed to be present.
Hi', rel at ion bet weeii thle N senusor output~s call then b~e dlescrib~ed in

41111 Ifl d a cc jrrelatimi ll at lix il filhe spat io-teinporal (lolnaill, or of a cross-

114(cl1 ;1 dlcl'it v mait rix ((SFI) I) inl thle spat~io-spect raI dlomain. Both de-
4 ins1M" Male ec(11 iiivleit; thle second wvill 1)0 preferred hiere for it-s simplller

itittluriatca sviiolsii .. llfcli the (SI is used. we are primiarilY
110 fftIll n -4( lar h and1wiil thIs andc no puire silie -aves, ["roml a strict poilit

If\f\*cmirelat off impfllies stationaritY anielether tHie signal .S(tI) nor the

fuiEllliffi fI-llilV iect t his cfiterimil. Neverthleless Iife( limiI cd hine quai~~-
.'~iiiiiiiIijju.il7lliclif is, t li cflrlivistcolfe Idl adaptilve pr~lcessilig iiill Ii

T ;11) ttfff1llmfll idl sIpatil)-sIII'li ill d(111Ill"ff.
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lollalt over i ilm 7' wiPc l'1 fs.l'

1 io \' j it'C st' ass' fall , sait iie tha te Tl(iet tilatiots if io he-iY Fillt i re

il( polei (fsill etis heecon as(iisl5 tal.tiV Should I tit Ino Wliii t

- $ lit' ((t'I'ul(Ii IS t I ii te IIt ) (! an Iliime lie titet cal otibe resomi. ( expeected. tli

"12il '(t PICI papert~t assi(' fit'Slelt tilii , of tquasi- st atiotiat . l l it'!-s

ImC i i atifciatittiat ilihp ha the seoilo(e tat itics ssumtin Ihe m the('f

alp ~~c~erl ii (11 v 'tile ilThisi poitlionI livingt btu ado t'fd, of( remairks msci t be

I. ll hite s'l lila iml Issutille s the valiix' ofl tese es tod at t 11picieY ls.

liltt ( ('tit~ I hee f 11ci(lt of a stto a ypo ( q I)q wh ih Is ( s ilat(Ie~ xit p I

111i1 stat Hlf llarV f ille5 A i I tit vis I -ciila ist ao hefii e s All (ou if

tIs , list Iltieii im u il v seml slii2,ii . it ('0111( ke t le basis l' reiliig i te

i'S!~ i at a -mi md ii ~ c iet ii'il bem cwllts. sslip .T i

.1/ CIC ut'tpt wvillh Ia' seda, itS guideflie Ill thIk paper.

F..

%

* -~.
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3.2

We ist im bw l)e q ii te clear about the source vector and wavefront. Within

Ii, lt raniewirk of tle previous quasi-stationarity concept, let. us recall the
sill tl source Iraiisiiiitting S(t). The transfer function between this source
SlI lie outtpitt of the n" sensor can be represented by a, linear filter
wi h a complex f'requencv response 6,,(f) which is a component, of' the

.-\" ,ivii sional complex vector (f).
If 1,t(.f) is tlhe tru spectral density at the source, the cross-spectral

let lsittv between the (.tltptl. of sellsors 11 and n? is given by a well known
expression already presented in

~~~~~~~q,,. tf c,,f O, .)

", lis.tiC'ii lber tle notation. the frequency will henceforth be treated a.s
•m imiiplicit varia)le except when the contrary is specifically stated. With
I li clanige in Inotatioti.

= (3.1)

IS lIhe .,h '(V, Mth column element of the CSDM linked to the source. By

,,ii\,'ti iPI., is iveii lhe status of a coltmn matrix, then the CSDM is

9 t = (p41 (3.2)

, ltn deline ille "source vector as

2) = dt,. (3.3)

Aw I'iv li I h liws ilie ("I)NI t I)e written as a. dyadic produict of' the vector S

-: g t. (3.4)

\Ve also find it convenient to introduce the concept, of "wavefront," as
i l,, ,,rei li , d vector ( and also colunin iat rix)

F.

" .'t ' I s c a l rit

'.. ,

V. : .

9.l
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a,,,l ovioul FtF - I. \ecior F is not thc physi'cal wacj,,t,,t i ,,ly

its , f t hrou ll tile indilim anid array/ qcnsors. For ilie sake of lexi-

c'l sinmiplicily let us acce)t (his slight discrepanicy with orilhodox physics.

'h'le wavelrtit is then associated with some particular source p)osition aidl
associated with it is a fixed set of filters.

The Spectnil dI' us itv d( of lie source is unk1nowvn since it is i lic object of
iletilicatimi. The vector ( (of filters 0,, ) is also unknown since we (ismiss

;ny kleh(lof,' dt Ihe miie(liium i in lhis paper. What can be ieasured at I le
()l l put 41 1 lie seIISors are I lie comilponienit.s of the solurce vector

I- -

S d('P
(I[- Fr

%,,. wit 1 lheir relat ive am plit ude and phases. But with the abseice od any

ikn wled(ge ab1)o1ut the source, it, will never be possible .o )isolate 2 from t lie

l% ,inkno iwi I So introducti(n of tile wavefir-)t, vect or is justified. andt lhe

array is 'nl able to Yield an apparc"t spectral density, (1, given by

-2

- ." l his refaiini reflects he abilit ,v of inui'fereiice, for exapnlle l)et.wee. coi-
utrelit muiltipatlhs. to alter the spectral denisity of tile source as it is seen
iliroilglt lhe arrayv. Finally. the expression for the smrce vet ior is

.., , S (:'.7)

wit I, F 'F I a,), STS d.

III tfis sectin. lile wave Irolnlt vector is SlppiseI to be know el priori.
e. ,vet if' it doecs not c',)rrespond to a plane or spherical wave. The T oa.l
of ,nlitfictiloii is Ile analysis lfi the only accessible spectral densitv, tlie

m c d..

3.3

A I I 1 ut Ix. wt, Ill t I ii a i sti i ii I d, . il
;,f~ iar.ut f..'t l ,l'I.u:itx ,iii),z ,,,u 'til S iui,'ul i,,,u'l fIur'\ii),sl\ iii <'lhil4t" 2.

.7
6-

'4Aw'Q
°

*
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This is relatively easy since the wavefroiit vector is known by its N complex

cillllents f,,. We then build a set of filters with the complex conjugate
resi,(uses f,'. Adding the ouiltt of these N parallel filters produces the

~h~lhal tilter
Vj,fp = FtF = 1 (3.8)

'I'liTe frequency response of this all-pass filter yield.- the apparent spectral
,,nsitv ()f the signal for the purposes of analysis and identification. This
will Ihf referred to as the "main ouwtput.."

- ii jIncidentally tle filters f,, may not be causal. 'When this occurs they
Ilist Is be bilt with ile sa lie additional time delay, in order to translate all
tle tImu ilse r.sponses equally within the domain f > 0. Also, when a. set.

(' lilt,.r. is claimed to be represented by a column matrix F, it. is, in fact.,

.5-._.  Ih ,i,)w mat rix Ft withl, comiplex conj ugate frequency coinl)polenlts of F.
Wii tI is convention, it is nmot necessary (as in chapter 2) to use dillerent

,vii ,ls for a wavefront and a set of filters matched to that wavefront (see
se, l im 1 2.!)).

IN ) qqpitig tle fiction of a single source, time presence of somjJe lnwalt.e(d

,if se Ili the main oultpit , will now be considered. Contrary to chapter 2,
If 1 1) 1ta Ial st ruct Ire of this I i se is ttnknown. Indeed, i docs not n ccd to bc
.,u,,,,. The only requirement a. source must, meet. to be considered noise is a

lic1k ()f <,Irelation with ,S'(t). li general, t lie source may be either spatially
f (m,,i ,lit rated, such as a jamn.er with an allowable wavefront vector which is
fll rell t from F. or dill'use such as background shipping without a distinct

ii.if 'fo flt . The sruicltue of tills global noise will be adaptively learned by
-lii IIStres ff1 the senisir (outputs and estinat.ion of the CSDM. While the
So lf tilters f is not adaptive, everything else from now on will be, with
,lie tim' 'ons1 aiit. T.

3.4

I"i'til iatel v. as ill chapter 2. we cani never know whether the estimated
C )(1I ,,,resl)ids Ito signal pls noise f)- only l nouse. Nevertheless it is

lfff"'.i!l, 1f get an indiiatim (f the nIfisC fv using knwlf'flge <t F. Since
11if, Sf'i fff fillers with c f lll)flf elit5 I,, r,'preseiit', Iby a vectoff L forlhog na.l

.'o% =]In.,



Sqi 1) F elimtiniates thle siglidil.

LTF 0)8!

V * ', 0 (3. 10)

t hie fl 1 itt t~l (Ji t Iel (fItIIIlilffIl if! (A'iise ftS~w represenlt ef bY\ L Nvill he i 2i~l

tree r'ef'eence" S F R I).
Wit Iil th e .\-diltietis!( ital Sp)afcec fi Ille cf ft]plex co! IIUIII vectofrs whI ih

spatli Ilie ('IM. ilte enitire ( N - 1. )-dittienlsifmal Sublsp~ace fftltogwltta hff F

is alVillable to vectors f4, ille Ltype. 'Ill(e hill exploi~atimi (l siglial-fref'
iif() I I t11iI I lie (l 1 (ldit kti ispace whuich 1iuav lhe spituflld i)v%

I a set (d' Ii ueari itndepenidenit vectors Li. I N . - I ) oil (111 h)ffuti f

F. SinCe We itlily arlit rarilv chmose i lie fillets sill)ject to ilie ('fitr aittt

LOiF - 0 (.l

wve select at set which satitsfies the co fli t in ff i titer-f it hogotliali I V

Ltf4 0. A't. (.2

.\fli ifalkr we cant ful -her rest net i lie fillet vectors by rejIitIIitg nimfIf'f -

raloulff Wfit e li (flit 1)J1 0 millitl ilitl ant~Ihat (d* (fmtilbittitifft

''is pffitit is fdiscutssefd lit lif()re detl l ill appl~ildiX 1).
11Th e tfi L muiist bie (leivefi from (3).1 I) (3.12) alid (3.13:) . (lte Illipi.i

-~~ arglue that C. te ( CSD~fl (f4t, il(fise Witile, is it eXI)VriuliletallY est~jimablf.
IIvee bW'f' ecauseofI ( 3. 11) (38.1-3) can lbe rewritten as

LL-- 0. jA

witff '. hf Imirii hfijikf'1, if sIJ ifw pl$lfi\ r1Iofsc ( SI). As a iosiilt VV(

NIf /fl Nf o/ ~ f siq/1mf pfr( q( l1ff ff-f t,' f l ic IP(

* -f 'I~~Ow ll i t (d f .uui F o.ufp 1 16 is fh, u-~iud i ii~rfain till db'fff '.fiffti~
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- Let us now see under what, conditions (3.11), (3.12) and (3.13) can yield
a ique solution for the filter coefficients Lj. None of these equations can
determine the arbitrary complex scale factor of L. So the actual number

. ii' unknown scalars to derive is only N - 1. Since there are N - 1 vectors
Y. L, ubject to I his system of equations, there are (N - 1)2 complex scalars

hie hderived.

Now (3.11) corresponds to N - 1 scalar equations while (3.12) and (3.13)
,;Wai crrespond to (N - I)(N - 2)/2 scalar equations obtained as j st-eps
Iroin I to N -- 1 and k steps from 1 to j - 1. Totaling the number of scalar
e(qua tions we get (N - 1) + 2(N - 1)(N - 2)/2 = (N - 1)2 which is the

it. ii ii er of equations required to determine all the complex scalars uniquely.

\We then have a saturated system of equations from which the vectors
L ar c be derived. Although these filter coefficients are completely inde-
peiident of signal presence or absence, they are adaptive to the noise. Thus
i is Possible to transform the original set of N sensor outputs to another
systeim foir which the "mnain output" lets signal through as an all-pass fil-
ter (ttialtered signal with the spectral density d), and the other (N - 1)
wolipit s are micorrelat.ed with the signal and each other but. possibly cor-
rlated with the noise in the main output. From now on C will denote this
I ratsformed ('SDM.

3.5

Telie a Ilove possibility is so ilmportant that it is worth further illustration

IY a dijlerent ai))roacl. Let. us first, require t lie vectors Lj to be orthogonal
Vr  oil t1, F bit not. to each other, and to be distinct so a full description

of the noise subspace is possible. In particular we can easily build the
11(111- laptive vectors:

0 0
0( 0 0

S.... 0N -I (3.1 )

0 f ro-

% %*,"-.<. %~v % %

J, P , , 6! , f ,



26 .. APIE T'.S'

which ;i-( 11' 11(1t Silice t heY It5 (liib'eet pairs of' seilsors andl whichl sat IS(I

Thee L (-)Ii lt n Iion~vildcmijelat ed SI VR S, however we'( wish to( rl i I I

liniearly I raIisb-11riii ae (f orrelatedI SI' hI to at set ofucolcaf S'i

wich are t hecir .oit logoiial IT iiages." I'ie ilit hod( adlap~tivelY v sit ill~

I lie eigeiivectors of' t lie liolse ('SI)N sublspace ort-hogonal to F. Then, rv-

ery eigeiivec tor i's ulsed to [01111ita linear1 comI 611ia I ionl of tI le ojginial ISlF'?l-.

B( ecaiisc of t Ilie pail lulilar l)!)leit ies of' egetiveci ots. tilie niew SFls ar'.1

loinger coirelat ed . This process Is I lie- phYsical expression of thle (hiag(mial-

V ~~izatioji ofa it llix whichl is (liscissedl ill appleniix I).

Wit1 ri esp~ect to tis niew Set of basis vectors. tilhe (SINI has at slcric

a spect Inivolvinug diagonal elements Nvhiicli represeit spect ral filisi ties, andi

ofl-(liagonal elemieints inl thle first row and~ coluni which iejpieseiit c():.5--

-.. ~ ~ q~cla (leisit les xvith ile miainl outpu1t; all othlei oll-(hia-oiid eleijenits ais'

Zero1) beca use thle SFIRs have been u iiitiiallv (lec()ielat ed

C* CI 1 --

2o 0 c-.... . where N, A I. (1Ii

All estimiates of thle clemnis are signflal-bree except (fl(). Ind(eedl, iivI cyoss'-

spect ral (leluIt bet weeni thle miaini out plt. anld a SFR- is signal- free even

% xvleii Signal is preseiit . sinice s inal is no0 correlated with aiiv nloise. Il01
O.J*w~ mWii ally linear comintiitlonl of nises sluch as at SF1 R.Ally Cro(ss-slpectr i

densi ty I et weel two S FR s is Zero Since tilie nioii5 hias been (leePriela ted .

- , \e reach thle sititiatn ll illust rated ill figutre :1.1 iii which a iiaiii out pint

Sxv~wI t Ii a po( ssibI le Signal of spect ral (lensity, dI a ii(h a nois~e 13() wvitI it . spect ra

dCiisitv c1* isf IScoiiibiiied to produ(ce t Ile 1inal ouITt put IwNit Ii 1Ie1 liE' ] viioiauItcIlI

SIT Ies c,,,, caii bef mla pt Ivlf].v Iiieaisiiie (lii IInh c-o rircsgi ld IiWillI I Iu put exc

"I XVI IeWIT iiaY I ) In 1 )II Iiit(( I \) t I' f-Su"iTitl rese Ice,.

WeIToXx Iil dit xsci J I ~ eiii a rc sclI 1 ,I (t 1iI tleis IN TWhIT i a II l

filItr fort1' 1 lie Ig it aIIaid % 1 C ~x ii vIeIls S i it iiiiiu noI ) sjTIIn c II ~ )wcIr et I diSI t I-. [his

vc I tS I . I Ir c I IIm'p1 o Il .II )1 I
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MAIN SIGNAL + NOISE B0(dco)OTU
OUTPUTsu

2 V

NON B3
CORRELATED 3V

SFRS

% ~BN'

N'= N-1

I'l-,i re 3. 1: Sim~lplified Processor with ( N t) Decorrelated Signal-Free

I 6 'Icie ices5

itl a111d '), t, Rs fo r h le reminting Compllonents,

Hw 1-rf-suii Irg sIpecl ral dlensi ty projectedl on V is given by the qu~adrliatic forin

V C'v. The conims raimit ro -z I onm vector V cani be expressed as follows. Let.

is iide am N -(imeniotnal vector 11 wvit~h all it~s components null. excep~t

III" fIrst ime r ()I .0 0 .0. The constraint can then be written as

whichel are part ictilar cases of

4: e iiI leu vry ec~ V o as1(1mimimitii~ i)tdVwhich is eqimivaleImi1

t (3. 19)
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Itc (' 5)I1 tit I )iS Us Cd e l a s Iifse SCti(!if 2 .6 witI ii:

X replacedl Ib V.

*Y rep~la'edl lY MV,

p0  replacedI by (lit) if.

L"iiaf loll IA I caun lbe writteni as

.r: ~wI ere o is a if a rlbit iarYx scalar. NV Ihat iiiaIt ters is tIt iat (83.20) e'x p)ifw55(' t i

faict t halte lc (ripoii(eiis of C V are nulli1fied ('XcQJt foM. thie first one. 511

.3.16 ) ar id( ( 3.I17) we now write,

~ -0. 1 , N ) '. (.2 11

Twvo remnark s r mist b e miade: first ,tihe spect ral deiisil t ,O do0 1 es Ito ;,p

pear if) (3.21 ). hence it 15 also abi)5C11 fromr the ('ompllriert's r'i. Thius v('('Io

V repjrese ids sign a I- rec i ti IOriat 10). Secondl (. ever , V corlponierit d*f V (,,%
cept. rn I is dependent oinly oi i tie sp~ectral cderisit of, ire( coiiespioiidiiii

S it aId t Ile cross-speci raI (lellsit v of, itis Sih wit Ii Ilie iloist' on I Irle IrruIII

i ptl. Thuis last reumark is ini iiti'velY predict able irori t le iioi-morelui iti

of, t If(, SI Is. ThIli(' eire p~rocess is (I rcliilol? of iuoownlnfprooo qsf~ q~ ko

o';l1li SI? lTre filter ho lbe w)it orIf t lie j1' SiI{ is the( corrijlex (Olfulic iti'

ile cuiii f iio'it r.,

Co.

5 ~~\AlthIouigh we ihit flow give a formral exp~ressioin ()I the ruliirirnlized I rrI osc

VCqV withi thre vector V we have jilst (leterinlirreo, it seerurs rrore frit fir
to loo(k ilito thle phYsial signrificarrce oif 511(1 if result11

3.6

l'vi Irs> oom.irser Sepiluiilt('IY tw mriulir out fiur aurii l first SI'i{. Filt'.iur11. Il
lutttOil d iiii~'II Iju (( tlt t i rrui oit it sio ii ii i

% %%
- ----- - %% % %'
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MAIN OUTPUT WITH B. (sd• coo) S +
AND SIGNAL (sd" d)+

-R

FIRST B1 (sd c11 ) B' FILTER X B'

SFR col/C1 1

,igure 3.2: Processor with a Single SFR Noise Subtracter.

ht,, iltering the SFR with Comi/ci 1 and subtracting the result (see figure 3.2).
,, i i' ) ' 1 JM ) p (roeed to design a filter, x (also shown in figure .3.2), which

mimmjl izes the spectral density of the noise in the output, B, B0 - B' .
II, l, usinig the rule given in appendix A with the notation sd spectral

drl'tlsit a1(1 csl cross-spectral density:
So l 13, csd tI? IBI

c-,d (Bo - B'I)(Bo - B')I

sl I B,I csd [B Bj csd BoBj) + sd [Bfl
-I

csdl BBO] = clox

.csd[ B',, = roix

(sd [ = r-o1  12 c Ix

I that
s4 Cn, "ip.; ., i cl (3.23)

r .r to(I get a iuiiiniruu1, we must have ')" am. value of the increment

b., iCI .,Y C' I JX"" . , I 0

(S,'

I L.

• ,. ,. .d. -,i.-'-&. . r, b €" €e , ", e



iv ~ ~ ~ ~ C IX Co) 10iijs le

Co I

C1]

Iis rIilrkohle I hait tl le f~t sidl' of 3.2.1 ) is precisely Ile (U ,p- s I, 0]

tle II tY (4 Bi wt It 11 P II i deed hmk~lin at fig itre 32

cs 11Ii ColBi~ cs I~B

c ( ( BI

I) Cl I ii

('5(1 B, H1I -. 01 - cI ir1

I 'iic risti pol' 1 seuItte pas Il tYw i. Iied filter2- 1 o lit s lil t tlz It(' (m 1k

i (Thu1 s()1 ha pplsi l()(I 05I lie mr.11c lths 'ieiss Of 1oi / lotI( lit'oI I sit IIo

t00 111/ Ioi us i 'uess 1ild q Iliiior illtiofsn Iw(l it l(oidpi. As ml t' Ill SF

ieiics (i the S lle (easi huardly i'('iiO'.'('(l tuou leril'Cls al h loise li ciipiii

iiII,. cmil lhe' prorels i?, 111s1 fotlosl The orlt( fu'oCu drae the

Il ,Ill spletrl wordusi H, Bd atsef devell rm (3.23 uli( (3.2]I is

Siuree. to Spi#ct IriI h#isitY of H' I is fe, CI~ I WCf CI11I -ou 11;1 1()t Ii 1;

I c ld al " ora ll t 0 lle(Ju/ (/1 I( ha:thi io lieu tutu f 12uia t I ll 1  1 0,

/h 1su hfll w,19htf - lc

at9s 0 ic ." tI 1m l;
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~3.7

The 'Ipetitioi of tile same pro cess with he other SFRs is obvious. With
./ shlp!liug frml I to) (A' - ), we ptu it filter, co.i/cjj, mi. dihe J"' SFR,

1. aid sullract the result B' from the main miit.put. to obtain the set, of

5,,',' ia dejisit y reihic lions. c, ' j- . When all the S'Rs are exhausted,
Sill" ,le'it l)Ut d" tlie whole pr('ess Is iiiicorrelated with each SFIR anid p)ssesses

il itiitIi ilze(lI spectral (lensitV

ciln (o0 lcojI . (3.26)
.i 31 Cj

I, is easv toi check that c,,i, is positive and precisely the value of Vt (CV
Iii H l( 3.5) when V is the solution ()f (3.22). Since the signa.l is not.

CWeT , laled %%ill] the SF Rs. the uinaitered signal spe' .ral density d may be
a .',,Iliiively Sulperl),se(l (o cmi,, . W hile the stun on tOe right side of (3.26)
f)[l1 in vi dves sign ali free estiimates, coo may or may not, contain signal. As

*a Tos it wvc still can no)t say for sure whether the spectral analysis of the
Jiti;l o lutput yields c,,i, -- d or c ,,, alone.

Il ImIf,h we are in a coinllon situa.tion with a signal and a minimized
, , ,der tle cmistraiut ()f iunaltered signal (Wiener), we are close t.

.;,l uvii siii lhiig better. Indeed o11Y onr scalar rrlation between the
,l(iii.t s of the nise alone iatrix C would 1provide a. way of comptiing

is" allw(, lon. ;is a fn icou of the other eleimetts. We have exhausted the
• 111 i r;l ,y , v c mi(w d 11m v lived Smile it priori inforination. Incidentally, it is
0,1v I I ce'k Ilat tie wa;,iiled relaiion is not provided Iby the coml)t.ation of

M id olie first conolmielt of vector CV iIn (3.20). So if any bit, of rclibc
ii ,,uiiatiH is available about the original noise, it can be transposed to

hIie SFlks and provide a relation. That would give us a "super-resolution"
vsl,.ui where the second order statistics of the unwanted noise could be

,liiiiat ed. all(iI lie spectral density ()f the signa.l could be derived from the
', -i al ,nalYsis of t lhe final mll pjit wit Ii. iii princilple. no erro r.

3.8
I.-

If i11' ;1. smu liut is u ,' ,'vstel l) the plhysis of the ituatioi. we Cali still
Itx tI illu'silu1lx, t,,w li, *supi'r sohuutioi syslei. xielliig iio mrror ill

I'

1%_

L ~.~' ~ ~ ~ ~ ~ ~ 'C .%%\.C



list I lidi Ill lt ; ]ii i t, has '114111Ii se1154415 to 511'1- liill it ' 4 11111 ' d i lit

at lit Ic l 1114 lli't fl l ap el.l\\s lii ( id t 11'4'1's (see 1 l'i .

,icclelix \\'i l o t 7(4 the gt1ltX'illll 0 11 4'N. i\ll kI itwi isI Vl i il o lji

ll t o ll all n' 'l ;Ir ill ai hil s thIIf1 )1 spe j1), I al(.j ([')1i 'V ii a I 11 t 1

'Ie1ich lar- l )li It 11 stiis i' 1111hiil jut, twipits bt nIls (Il I he Ileii ll ctf )11 pll itt
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* I4i'4 Sl t'lg ivII , '. Jt' eI Iit I IIla t ix 4l v tigt Nll'\ ThenI'ii/jV itl tis t

iii 1,1\ NiIit.I Itl (e sto'/ o e uoeival m.obo 1 well/ I mmN/ihh ait t l I l Iftc-rt'fit

f lm i l Iii I ' o ill whi4 an1m tsi i s iii I' e ti 1i'. dliI (I' it '>"ii'lli!o
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c; c I <c I o r T II , I II ' I( r I tI II ,,C o1 .1 1s fYI)Ici

1. tll t, )*4p l]itIc i)II'.-tW l lcailp tIic s. B til

I, a gm.it e 1 11 111 11atll t c l. c

;1- IIc m'4.p e ;1 ( I )*f lild w , l) lv l li f 1 i )h 1 ,f11



1.11ITJUE, PROCI2SJX(; 33

;14-At ic-timi5C (Ill t lie Illillit ut id tile SFRIs. It is easy to chieck thlat

1:.2hi) ;I15(1 relds

(let (C) (3.28)

SI I ;t i iilccept i ig ( 3.27) is sliilly aCcefptlng that there is no noise on thle

ii Iit pill iind we hiave got at "511 ler- res(Ilu ttloll s ' st em. This can1 only be

cl-cf lde ats at liiiting rep resent at im 41 f Iiniit esimal " background" acoustic

IS' I iF mssesses at hi uge spaim (d eigeilvaluies andl if' thle niiui value

1, o1dinlbl nlegligible.

3.9

Lct1 Im l w recoisid er figure 8.2 which shows at "noise siibtract(wU.' This ter-

In I., Ig i enlerai , lv aissociat ed withI "noise canceling" techniques, where

% t~hc Iimiwaited(lI( oiseo tite fina1 output is really iithified. In fact. noise can-

.iii It- is III( 1elf sade lvice as' Ini figurIe .3.2 hut ilsedl ini a p~articularly favorable

ii at he il where P, a ind Po atre "fu lly correlated ." It Ilnea us tHat 1)0th noises

('41111i-ffg III (Ii on source thlrovgli linear filtering, BO canl be seen as a noise

pr,,Iiced fromi P, thlroiigh at linear filter 6. Ne then have

s 0 (I P-, CIIOO

1wr ;III possilec. This is the( iisual test o)f "fill correlatlioi.'' Equiation

(:.2.'P) thlen yields sd[B,. -- ) and tilie ioise so ht ractor is ais ntearly p~erfect,

its *lll cmrrelat iou is achieved.
y ~~It i, liiie no(w to coimplet e figure 3.2 Wiit i e processors it imlies.

'If 1i Is d imein Ifi guriei 3.3. The two t hue delay dlevices (or algorithmns ) are
tI.'? to eiisir tHat tilie suht ractioii is reallY achieved Withi the very same

-rIli-ices of' P11 and HB which paraiipated( inl thle lulildilg of thle filter WillIi

I 1111 comistaiit 7. "I'is deif.ce, orI t lie algo'I liinlic efimiaellt od figure 88

K k ,wiu Inl thle Freicli siel ii lit erat ure as at "correlo1(-filt ic'' and las been
Xt.l.tl 1Y , idlivd m1(1id ilrIv~ it(i patst fifteen , % iars I I 71.

\par iar ea t ir of; .( ()f t lIe co(IrrI.elo I-tfilter . in ioFt a ; degree () freedo )IIf(II

I I es , r ,is I t i t a Iv Y e I i ~Il a iv I.Y I eaII r f i t ern I I I t Ie S I I ws IIt

ii*
'I%
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2hl~ II~ sc traiei s' la of' ?, his fitis reey wI I ch ii itspeci w . e haiert

preoil-1. atirl afst Iiietitioi(iaelove file sV tint affect tiel r)elt. I'igiiri' I

"li C I m~~i i I c'x~ i lie / 0 ill d itiii asis iltivldi il wth t i

Ai (I'- itll IiiL fiui ler mf/u t hav a? arid I llie v esn ils sal faic I c.l

weIj Tihe peasorlawo-tilthis(f( 1c ) frha which makai~( Vtle ll e" lin caici fiur

Ilii flmigi e (llll I'jeei as ah w Ill lu'lr qieui w r ile sllcrit (od' Ii tle whuigi ii al
U- j~~iiiI detV B, cal get t i c ied ilal fltw lime1 IcIi s i it a Iti i c m i i m \\futIwa t I
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',, IESTIMATION OF

"col Cl 1 AND col1,cl I B'1!L'- 
' W '  

._WITH TIME CONSTANT T I

CONVOLUTION
i SLFTIME DELAY OF INPUT

•E SFR B, ' WITH THEWH TENIJNG  
TC OS

i - 'S.s -

~CORRELATION I
',,r". FUNCTION

""-: I~ ,ur' :. l ( ',rr'h) Filer ll he Tme (:)ain (wvithi Self" Whit exiing of die

"~ . i)Iratice. 1,111 rather as a tool to illustrate tlie physical meaning of the
5, s-". rrlC ssiv e steps anl to allow exl)erimiental checking of the specific prol)erties

oI'srriI e( at each step. Still, any pract,ical solution has tI preserve the
I'l ,,,ii mitt a] property (of a whroCessor viiicI is in(lepen(lent of the signa.l

' . )i's 'll'e 011' al)seIn('e.

.-....:.S

3.10
l

A sriois weakness in adaptive processing of known signal wavefronts lies

l)r,'isely iII the relial)ility of the a priori information. When the signal

"" xv wvet',imt hal)lens t() slightly dilfler trou the vec tior F. which it is sup)posed
I, ,,ti a1 l. signal roitipolleits will appear it i lhe S' Ps wh,,se vectors L are nto
IoIIIg'r exactlv ot(ltgo)nt-tl to the sigm l. The eflect Ilts call be expected lo

)(It.I ( e lie ti ll ll t )lit is exlloredi here. To silli '.', lie l)lesent.at ion,

w,' will limi1it tis iI etInti o i to t Ihe first S1"{ .

Whatt 's I diied, as ctitpared t( liir 3.3, a iiadtional small

-

..
5-- ,,



NON ADAPTIVE

FILTERS
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.1N1

.. OF SFRS TRANSFER OF SCALER RELATION

DECORRELATED
SFRS B, B2 ...BN 1

ilc I~III t ilul w ws f e Vici c vI re p m) wi2Iill- li e H'Ic

ei (3.30)541 aI i hi I1. a tl e w IuC f tIii- IV hrS )h 11 1 c il XV f ill I C (fI" ft "II

wh-ich 11(1 Xi liicf iiifX Sf h'X C'II1 Ilat phl lit uh 
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0n Ihe main out ut. R l)ecomes B3, with:

s (I [id]= .9sd [B0 -C'sc IB B] cscldB BO] +sdl [JB
(7( B~ 2csd [o?] SlBob 1] Q- =0Q'

5(1 RA '~iQ OIQ +r1 IQ 2

1 leice
Cot

illl finall%
r , :Coo ,- I  + d( + + d2 

j
l 2  ( .

tt% + d0 1, 12 (3.32)

'Ill1 itlise itself is increasedl )y only a second order term when ¢, is small,

, . .

ooCoil 12

'i +

'l lT (Irait ,polut is that some signal now comes througlh the loop of the

I.
5  

<,,' )Pl(<,- lilt er. This produces an additive alteration of the spectral-density
.with 1lie first order component -d(i" 4- '")/cti. So the signal spectral

*. ,l''i .~i 0. d4I - , ) /cl d. may )e larger or smaller than the expect.ed
""eisitY, d. in an unpredictal)le way since nothing is generally known about,
Ill,' lilt er ?. Sinall or largte, lhe most spoiling effect, of signal leakage into an
S ""11 lies in IlIe fact that the signal spectral density becomes distorted by a

W l r ,,,-s Nvlici has been conceived to preserve it.. That is why other invthods
N -" l,;,v, Ih be (,misidered when tle signal wavefrott is unknown (chapter 4).

3.11

Nvert licless compromfises cani le considered in order to make the previous
prl''ssinIg lore rol st. Ieakige is a c(otls.-qe nctie e o.f tticertaint ies allout

" l I,,e siSniail wavefr mi which can be expressed in tenlus of sinbspaces and
S .Flls 1f tIf ie signal wavefront cannod be exactly assigned tlie shape (d'

ve,,t,,r F. at least it will be generally possib-le to a.cceplt it as being located

in ;I litiited silbsplce "arlnil'" F. This signal slibsli ,ce is tle genera[izatim

(dI nitiin of' lanniwith (J iiisinlih as h li ll 'Ir , I 'Icerlts t lie c nicet). (f
.

0"

4qMJA -,i+ '4



.4 J).111I'''1E I'IV('S.s1X';

od' il IfIo'oliii.~ plaite-wilve sigiial. .Anwa'. thle signial lsitstice liiis 1()

1we flickliiiiifl I,%- it set (d, v'ectoirs iFl., ... Fpl p .'. Nl om' less

iii~iioiiiL~F.

The tmllpellicit c , iisilc!'ae I ss mlmg lie procl tes te-

i. at') 5clso c 'iiiiiittitioiiv all N pg ileiila ihpc.Wt )1.

Ill( )v'- Il itttiiw'tt itutl(ise- tFl-il till t Ilie 1) "'Villi-oit jpid " is likelY to lith it'"'

('iiift:, t htall bf' ie. JItildt ft. lie li'till of f lie SH' Fi? 1111ilel (, f*'e[' a gi\'C'i

N I lesselis t lie po)ssibIlitY () it'xpltiitIing all Ideal "quitsi-iiigiltui' ( 'SI).%I

;l~m,-0Ic "ackrmild nise coul1( Lmi he elliliinted. Stitli Is IeI( co)st t

liec pail fm I Ift(' ii cei't aillit . plis t lit' paiiitiil repet Itio of'( t he 1101sf stihlt'

t t '' (t5 fi )r -e s [i.(iI t lit. 1) 1liI it ouIt pitt11 s \\- 1 Ich re(q 11 es a I ( it I ()f p( .N p

Ini slioit I lie litr1g'i I lie Ilicrtt''auit~' vt ihe lairge' I lie lignitl SilispaIci' anId

IeI, smaller I lie sig nal lice subhspace whose size is a it esr Of I lie jplu(e'

eflicielicY. T[olaf iglioraiice of' vector F wmoiltl lead to at gemieializatioii ol*
iemif'iM'1iin Ill ain .- dliiiiemisiul complllex space: a liosaic o)f lli lbp

a ix'tu. , lt lis i'iiiei' )(-I I ))(-, e Iilittiilelilg illge airri's o)f' GOt SeIist 'I'S

f'i i ~ i'e. lie cm uiiiiitt ifomai eff'i w' seen is hev' (d iliagiiiatilli.) a titlE', ii\'fi'

dlotse' o)f' fiioessiiig. 'I'lie ItitiIhel' o)f smiliices possessilng ait xlrii has tit

hte titieft sntialler. titalN A'1 i li airax'ially.N able to coewit t fit stilile

Mid~ itidIitiiI co0iitpICieiV. A\il Of' t IeVse pi'ohleiiis Might help one to I'ma'alY
ci uitsjtei ciitqtli l j slite o)f' its oil perp~lexinig ditlictilties.

.N 3.12

il tu'thuuiqlicu's tlatlhiptix'e su~fit'ittst ut'titiitu h(r i'tciuu'efi) ar . ;iItlx' a

t it ti I. s xxit liii 'I ii f II t I 'I tur 'xit'I If t , 1 fit' 1t'''u Vt ft t I ''I IlII I Itu It tI.

d\ iheIt( lii' Ixaiti. pit cmusicr-1 ftc",\- IIII litti'tttiiitI iiI a I st (It vI f lII I I in xxI I I';i , I I , t

I ite ;,i'itlisl t' cflsoii1.' fi ;1 (u1i0-111,it1t11 f1it .rI.%. ( )fuxI tuv I tii Ixx' t( isi' Ifi jg (i

d oK- l iI m li. ,- r \ i i i



hest9. ZI'ibRe 'estil s beeW so obtainied reita efniemypersist..

(FI'(ls. lsmi'Ii sCi(a cli-illtS loae lc.oe t the vinsie strt

Tl lie aie iiearlY lpeil(et S FRs soas hYa- one niedeltl

wich m'II a kes tlieiii 1)i-Rct icai~ Iiievi(us toIUSfune r acotistic sig-

n a s pi-m l iced mit side thle h11ll1 Also. ()i allxetthtec artficula1

* )ill puit is Iiill'c(irrelatedl wit Ih t hiat p~art of* I. lie self noise getierated by the

* * I~ Ihet'eI( u1e ait procediti-e of' sell noise( iC(I u cti101 call be coiisider-edl It.
;11 1a I I! pst its aill inii ease iii t lie "size" (f thle arr-ay, each addit ioiia1 sensor

lei e 'mga SI" H. Sell noise S F Is ma V or, may inot. be cor-related either

wi weet i eac ml-tli!I with ti le SF Hs already ext FactPe troin the arr-ay. If

4 1') v('lia Lie nih rjiiat ion Is at hand1( tile diagoiializai ion prces has to be

* a 1))1 ~IphoI to 11ill le S V its liii' thlemi to becoime icor-relatedl. They tiei feed

*~ ~ ~ ~~ 1 ,Iii hscql'ellt 11 I' 15( subtr-act intg pi)I(ucess of sections 3.6 and~ 3.7.

3.13

.1,(I iiT'lisioii to iaIpt- 1 fi tlie mia jor p)oints of this type of p)rocessilig ar-e

II ho.(pping 'i eioeassiiiipt ions aboidutntwanted7( noise leads to a~la1-

live pi-oess! ig ('0! il iicesa coplexi ty i-e(I ii edl to t rack t.hle

%xm'ab u etn wmit ed 11(115( sp)atial strutct ii e. There is no( pi'a~ctical di f-
tef'eiice be(t weeni unwxanite n71Ioise sources gitted with a wavehroit., andi(

tlitrise noise. So thie ambiguity linked t~o the directivity concep~t and
I i i~enit1 ionedl III chap1 teir 2, (lisa plpat's.

2. 1 'Il A r Ws Illp anl Ili all er-ed signal ]ii a inininiiii of* uiniwantedl

y noise- cali be atialvzetl hN stai'tiig withl il( hlieltillin 441a steci lie sellsorI

on11iiiatioli to cally I lie signal and ( ' I iia-recoiibiatiolis

I I ~SI''Hs ). lhelii the Sl"Hs. genially corr-elated. are coilibinedl inl sucl

- a~~i wa.Y as to1 (eemi'relat illeii. Furl iei' p)ro'essIing is a. -eltit ion of

;ilse subht t-act i(Oli' tnoise, Itself, aul t is speI'' al density) be (71 xwei t Ie(

Illil ii ( li t~ ti1(1I the' d~ l o-kueA t eI '

r flea.:VleV 
%,



T.le' po'ssibill Y ()f get t Ing a "peCrfect "res il t ( Iw to I hltiotial ht ti II xe

111 ~l thle sititli 5 Istikeil to th Iactittll of I lie c (a)fto hehairtrlti I I l)lli le

CMIllcx it o f t lI cs( )II rce- I I e(lillt IVthi [hs (11 is a ft it 11(11' Is l)k-1,11slY

hO t(l)eI d (l N. t in' size( ) f t lhe ara.( w1 '(O f)lI)Icx I t Y - I I t a ;i i

Ie te Icte d vIt 111t lie, s et of v I geI ;tI II s of i lie ( 'S i)M . FtoI it 1 olcol

elI ge I il IIe IlIit t I ) li .1 ii lI )Ie it " C( )I II)ar(( toI t ItIe l argt~- t Ies

I. TlI e sI gti itf iotrce- veeto frIs k iI(m-n b itt I eremt lies t lhe (wbrWIiia NOe

hltitat it . A II slight swerving of 11Itle ou- vector. fils to , I , w\Ii.1i

Ill) predlict able(. coittiteraeted at the( cos-t of at los)f tiiixaited itoiso

'eiliii Besi~lii'. initg 1110cC matclhedl to> tilie liiuxalite house1'

thancit classical IieamfiOrililig, iliP f)1O(wsor5 Is senisitive' hI a>i n triol

;1jSsilif )Iti ilI)Oit Itie sga 01C et

5~. 1I1. is vaut tv too expect. Ill real cmiittolls. at slitfplc xvav (dI cuoplug1

siiiiil a ionilvwit h pei)rfect iolls o)f aI giVehi sourlce vectoir, au 1  im

iiiikiiowti iiiuh1tiplieity ()f sources. Tile traiisfmsit iou o)f ciiloriiiuig

iiia N-oiliietisiottal space is falitasticahl , co(iiile(X fto large arraYs.

ald utseless sitice ilie numtiber of soti-ces is, iticli less thIani th littiliher
of senors, olefltit jol ill Soitie wVay, o)f all "ehlieit.' ita.

6i. Alit,' prooes m. ()tfsoo f cotreh)- liltcrs, olescrilwol ini fiures 3.2, .3.

3. I 1 ..5, is ( lit( fIcssible tYpe o)f ii l ittit in xn cie (list octA V otle'ss.

filt . lot t lit sake o)f p~h , sical signtificatnce. It hasi h(111 jpleseli;(1tO t~

fliscit-se here Ill fItlxvare fo()Inl. ltttpletieittatiott ill soofware is also)

posi 'l ifeiouglt cotii)iitgo capacity is available.



Chapter 4

IDENTIFICATION OF
SIGNALS WITH UNKNOWN
WAVEFRONTS

4.1
WVe it(\ colie to tl.e main goal of this palper. How can we identify the

s leclI ';d density of a source wit h a tot ally unknown wavefront, which mIust

l e I ,leterlilneld? In other words we will I)e trying to find the mininium

S.i Forat , ilo iieeded to restore time spectral density after dropping all a. priori

kiiowlel ge concerning )oth the signal andi noise.
III previous sections tle source had been characterized by a known vec-

1,, iMv,,lvii)g the iiotions of spectral clensity and wavefront.. Here such a

speiti characterizatioi will iiot be assumed. As a consequence there is no

It tiiger ainy way to distinguish )etween several sources. This puts us in the

-posilloll of being able to identify either none, or all sources simultaneously.

If1ldr t hese conditions the concept of what may be a signal has to be rede-

flimd to include cvcry source gifted with an a priori unknown uavefront. It

I lII bec mtes difficult t o separate t hose wavefront s iii which we have some

irtatl'a iiterest from those we wish to iglore. Previtusly the existewce

,t a wiavefriit which characterizes "it terestiiig son ces" has been implicit

itI ;ill Spalial processiiig. But silice it is hlow the tllv a.ssutiption retained

ltttl ; sigim l. it is worth 11ieiltioiuig that ( ','t this cott.qtil tit s a priori

kIu,'lM th/ If 1t(li exist cice (jt wavcf rowis ettils ' l i' iwttm luestiol (te basis of

41
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A.

12 UNKNOWI'N WA VEFRONTS

all spatial lricessiug is removed, inclding this whole paper.
() bvi,,Ysl m ie experiments are necessary to( det.ermine lh( w touch we

Cal rel v ( ti he wavefr it niotion. Tie characteristic fealtire of a. soi'ce

Lifted with iA "perfect" wavefront is a rank-one CSDNI, SS regardless o)f

th le t l r<)pagatitm compilexity between the source all(1 the array. The

(Ivatlie properly o)f ihis matrix is the result of so called "lpetfect spatlial

c<lierence" which is characteristic oIf a single "perfect source."

Th'le q nesti i which needs to lbe tested in o)erational ctidiliims is

whether or not a remot.e source. which is lowerful eu.igh to plrodice a

de(iiltelv diminaiit cmitril)ution ( 1-20 (113 Or1- ltre) ot the otipt t)lf curry

.11901%,'.i really yieltis a rank-ome experimiental (SDTII. Fron such experi-

inits tle naximum array size for which the dyadic source approximtation

will remain acceptable cail be determined to somie degree of 'recision. We

expect this array size limitation to be luch larger than the sm-t rt' apert illes
WI which every wavefront has to be a plane or spherical wave. Ilopefu lly we
ae IOw ii tie real in of "large arrays" which has already been menti, ed
it chapter 3 and will be more precisely presented in section 4.3.

4.2

It is n,,w clear precisely what prolerties a perfect source signal has. Noise

is everv illing else. a imixture o)f every kind of dilfise source not Iossessiing
the wavefrtnt notion, w Ii a (CSI)M generally exhibiting a rank which ap-

ipr aChes its ,m'der. NWe thusI- have tIc disentangle an acousfic field niade f an
1111klvlw i1111nler ()f "perfect somurces'" fro m a " ise" wit~h no character'ized

wa vefroit.

We have already noticed ill chapter ;3 t.hat tle appa'yci spectral densit.y,

d!. and imritmalized wavefrotit vector, F, of a. "pert'fect. source" are the most we
cai eXpect to deterilineusing a1, array. Since (2.7) is S = ,124, vectors S

aui F mav hoth bie, relresentedl as ,o.,I, t,itrites slch that F1 F I. W,

,tM" ;I ss, i' that w, lia.e a li.m it d n th I, " of ai ,,, l(trit fit
1 fi 't .n p( vttt,',

whih plttdit'e a field received by a large arira v. iIv liirlited we jlifmIll t1ie

1urirlmwr (f sources, J. is less ihail ilie iiii1iiber od sestrs in I lihe array.
I ,. whicli clariifit's (ml. uu ioIn f a lirge arr;av.

" It ( CSI)l tt4 Ilit' perfe'ct stir-'s w,, shall he wor ing with call Ilc ll l i
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represented as a sum of dvads,
". p

, P

M'1 e(lttivalent lv,

p=i

7.1lhe rank of" this matlrix is P, since every vector orthogonal to all he F is
tait I( rflled int o a mill vector. This statement assumes the set. of vectors

F, have no linear dependence which would reduce the rank of C,. This
depends somewhat on propagation conditions and can occur if two farfield
sources and the array should hal)pen to lie upon a straight line. In practice
this is not a stringent assumption. But before exploring matrix C, we have
t-) ext, at it from the raw data mat 'ix, the data CSDM Cr.

4.3

" h, data (SDN includes the source dyads plus the CSDM of diffuse noise
.i I. J~j,,. , to Im, 111coitC/lttcd with any sources. The net result, is that. it can-

l""it have a rank lower than its order N. As already mentioned in chapter 3
we can never find an experimental CSDM with an c;a.ctl.y null eigenvalue.

,ll( oly serious accident which can happen to a data CSDM would be the
,,,ut rretCe of a nqrtiic eigenvalue. This would be unacceptable because it,
it tec;,Its flie correapotding eigenvector is defining a set of filters which passes

, ",1 ifoIv! Ii, spectral density on its output. Fort unately this accident cannot,
hapIpen to the maxinmum likelihood estimate of a data CSDM because such
an estimate is the sutim of many data dyads. We then have an estimated
nise ('SDM with the right features required by physics: Hermitian sym-
ittet rv and real positive eigenvalues.

It is t imte now to come back to the not ion of 'large arravs which iiwiles

Ili c i ,,cept ,t" ay p tos,,,./ i0g c 0ig.h s, IfSO. S to 811 ff1oi t th comp/ ;r-

dt1/ of (I .yt.. Irm, ('0o7 , o.0,d of /)Crfict .gourcr.t; /plhis s)m, ,fft ,. ,isc7 str if' IfC.
%\.e rmist emphasize t hat in a stable situation, th sma/cst rigCti,altc of

0l d/ln Ci S[DAI q ft it will d rro7s te/iinfn ti 1 iw nr of se nsors inc peas Cs.

l, ,is t rv to ih tistrate it. with a minimu of matIermatical synbolism.

'N



Inee 11'V( hmk Ilmt til IKillli).Vio deiedfSm

'*5 I~~ecV liiig tat eiiva. llesI pei sp~ectral deuiist . (t. isell inu 0(' "vha

ithitidar Nieieceo sslycial wih vco 'dAi the ciiiiiiiiirieivlie. lin

-*5 bi(ICC~le inceI look Want e (iliitiII ( liti fro nt a( filteri il. wel\'l i.

*~ v lsh t bet V'V( I i .i lii iiiiige v liii s d Vial l'iirrs-i 'V ((I t gli t utveim .

isgli ql)rt oul~it th e mc type(II( If varia iito rhiii Outpiutwichv se-Il) i

11tfI ch1i'( t from and1 13.7 Th-c somltion now swllsos S'kiiownIIIIIzill

it li ,\ ao iclr specaes siyv i t cgevc et \is a lie oirehilvei

;mieivli.ine e \\tit ai a ditioiiilicn l il ; Iro tlit jeiter wCitihljnat in

H I T hrt i I( rit )Iiit ii [ '()1-[31 ttubie 111 c ulitil elatitjwit h c/i T e l ( ci lie

;I iii'( lf) fillii e i ui"'I u siilic ('iii'Ii ci dil of lisue .3 Such ape i 3iiiiiiiia ion

;md R, ast the sicpaces N I've lrCc~w it imibl. t 115c autihe wpec ha
-' ~ ~ ~ dvl ~ (uil a o 1iriinize a iimaiier one,1 Bor Altog seth ir alyit I i(J ii iit

'5wavefr-eit and SFRl have vaiiidied. thle CF is Ii(t p~reventedl Ilemu pla 'villug

'5 ~~its basic part t. \We also remjark that thle eonrrelo-1i~ter ect(-- (1IC, no iCt dlependii
ait all cwii thle leelefI )1 ityo eaioii fcreaili (t\((i

an ld 11i. 'Fie( level can be adjusted t Cl a. value' correspoiidiiig to at iiecninailizede
N I I )-senisc omitiat-ioui lbecilse ait aribit nary filter is allowed a~t t lie, S V

inlput of tilie (cirelo-filt er.
ihiis we have bult a 11orinriliicd combiia lion of ( N I I) qcn~eqmiq wil/i ei

1)liii yrp n If iahI'( I smiia lb i' thil hc illifi qts obtleimiabit wit/i N\ qtt IC

Alidr it is it e'veili t' silialest pIessIhle mwe wit 11 ( N !11 se'iisClrs. sln' t h1iS
is giveii IC ,v tilie suialle'st e'c ij. vl iie'll (4 ilie ( N I )seilsC(wCi SOI . Ill s'lwet,

u i 1/ rh ioiule f q( ICet 'Reuas /1Ii elt i e fs e! ij livCite li ( ( eVe IC C

- , at I Ile wmeerst re'iiiains stable. Aelliig iiner'' "Clns"Irs IIIC'r'asf-. I ie' ICC>sihihit1

5* ~ ~ ~ ~ ~ d elliaviig aI larve spanl (d' eig'uivahuie's wi61hi 111 l idle'st (ce lee'eenuig iitiel

5. '~mnle'mni the' largefst eeite. .\s a li1mit 11 it Inel> either lee a -iilli t ) )N
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wit It a vanishing smallest eigenvaltie, or to a stabilization of the smallest
igiivaenwles which are repeated for each additional sensor. In both cases it

is a test that the array has become large enough to overcome the complexity
Sof lilt" Systelli of sources and the noise structure.

4.4

Ihiviig, clarifled what we mean by a larqc array, we shall now assume such
N ,ir,11,lW. for th l' ain(cr of this papcr. Since the array must separa.te

SN( nces from the noise and also describe the source wavefronts, it. is 1iii-
likely that a simple linear array, even a long one, could cope with a fine

.lN esript ion of intricate wavefronts. ,olunietric arrays are more desirable for
C mi purposes since they call be arranged to break any symmetry which may

pi, nim .te linear (lependence l)etween the wavefronls of two distinct sources.
. \Ve now have to, estimate the number of sources. P, and in the absence

f aix a priori information it is clear that we will have to gaimble. If a
set (d' several eigenvalties with lhe same mifinimum value is su)porting the
a ;i ,,st ilic q,,ro ud noise (this is improbable) the difference between the
, ai;l (CSI)l and d,1,I[N .

C , (1,yinN C, (4.4)

a'; sillgirlar matrix of rank "N minus tie nmer of equal eigenvalies (,.,.-"
II ' .is is in inimnum eigeimvalIie 41a(1 IN the t, uit matrix of order N.
It is then possible to consider C, as the perfect sources matrix of (4.1) and
I 1.2). ITfo)it .iinat ely there is litl.e chance the noise structure can be simply
"escri led by 'N. Several more elaborate approaches have been suggested
11i 1231 which are all smart, but all based on some arbitrary option.

L The principle behind the above approach is a paranmet.erized noise CSDM

wlhose general forim is known but where several parameters are left. free, par-
fciiIilv a scale falt.()r. Stuch a parameterized noise (SDM may be written

M - ab (a.lh) (4.5)

whr, (r is a scale factor. G Ole general forum of a normalized ('SDM, with
0 ;1,1 ) as free specilic paramieters. Thlen in the difference matrix

C , M.

-,,,
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lie vailues (I*i I lhe pitraiiiet ers (T, o7 and~ 1), are variedl to ()t a Ii te low,1mest

Im(ssile rank o)f C ,. Ili this particular Case ilie ranlk iXA , buIt if thle

ge IIevral I(]se I mIat r Ix 6 , i)s realt1lY clo( se to( t IIe pIIYs-I cs (71f I lie sit It it IIIIIIIi I IIi

well lImppeii t hiat t It( rank o)f C., wvill be still lowert. We wvill iit ((mlwiirt

about tIie CmIiiplitiig dlifficulties Inislvn (.1.6) sinice it is alreaIdY do(ii' II

ill( papers by. leiiveiii and~ hojf) 2()23.2TJ. as wecll as. by otliers 26i

11' th li'liscmivirY (Ii it II~I5(' iiat rix best lit tedl tii the reail wrld- slioilil

prove'~ hi be (difficult,. a genierlizatilonl could lie sriggeste'l wilere 6~ wtiiili
hei irelaliced 1)*v a silii l )f eigh~ltedl iolse tijaticeIs cirsiiihigto) dii lere it

.101-s411C,.(lae m' cm Fil (~ittlip m 9(le2

I" (it( on mpssiit Y iti which all filie free paliarieters could lie aIfhjiiste.l hii

Iliiiiize the( ranik. :\gajii. thle success ()I represeiitiiig t lie inis runt rillii

h II S waY Is" ref Iec ted by te le ogr'ee off ranik rediuct ionl Mi iiiat ni-x A, As we

tv I- i t )Increase thle uliliuiber ()f noise IIa t rices. a flat ulral IlIllitt ion shoul .I( ld

ap )pea r i1 t lie findinlg of' in1significait, scale fact ( rS a . a t est t liat we have

vX1ha tusted Ow lie ssilAjiftiS oflise relpreseitam onu.

A\iuvwalv hue( field1 is wide olieri to iluiprove such mlethods or suggt41 oIllier

ones, arlid experience will 1 )hibh bring reliable sill]iplificat ioiis. Forl I t( ose

who i I IIr c Iiedit ely I ce d any vI IIet hod. t oI m I' esoiirce Is to)(it ret ilIIv SIIt iv

lie eigeiivallues ofI C'. listed Iin (ecreasirig ore.The snmallest olues Ii~i liv e

so siuuahl t hat theyv~ couIld be eouIisidered ne-gligile. In (it her cases (Oiie (.aii dll-

I ect at sharp diflererice bet weenii a subset oIf large eigeiiva I ies arnd aI su.l ( f

siur1all onsP would thben be th lirtimuiber o)f large ()iies. If ieel lie, iIolung

lireverits Its froiri buildirig at paramete(rized lrrdel oIf tie( genllc.ilzed noiflse
iii atri x Which is d1epend~ent onI several free paxal net ers. i.e., (T6(fu,l h. . ..

$ XV ~~~hat hias been sutggested re(lureS ill iimal (1assii ii il Oi beca use onIly~ thle

general formi o)f tlhe noise spatial structure has to) le po)stiulated. Nevert lie-

less, ats imeiitionredilii sect ion 4. I. t hese assitiliptioris have to) he oIdt aiiied
frorui totial inraruee ilsilig4 a pirioiri kiuomvledgiv.

4.5

'l'lie pu -i' l l f~iu di -liti' i iv2 f if' Iluii rix. C _. (4 1 lie hiull , ei' ueufc i pfI;Il

''I FC#ii i 1C' (III IIrs ;I p l cin l iib~ hi iii I ti l7 c 1111i -cc(I 'i n l qqi te iii
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statist I thr processing of matrix C , can now he lualified as

-.ilil - -csol i -egafrl to tle ")crfect" sources. Matrix C, is b tind

If) the surce ve cto rs S, i, (-.1). 'ile pro)lem is ti det-ermiine whether or

mI< we can explicitly filnd the vectr41s S, when C, is known. See references
I 1 .2 1' .

sr ice t he order of C, is N and its rank is ), there are ) nonzero eigen-

vali s a11[( the co)rresp1onding eigenvectors describe a P-diniensiona.l sub-

""a l)f4 I lie A -diurensional space. 'We will now show the wavefront vecto lrs,

S,. aIsi ispan lie sahrine I-dinnsional sul)space. In tie (N - P )-dilmensi al

(.,m ,lplerientarv subspace the eigenivalues are all minulls so the associated

-,.,,ivect rs a re ii(1leerliinate which we shall find to be unimport ait.

I lie set of" nonzero eigenvalues. in decreasing orler, is:

a' Id ,I he' ,crre,,l(ndilg IonrfialiZed cigeiivectors (each a col unIIn mat rix with
V 4 , i, pmlseri like the Sp) are:

.- ~ It, .. Up ..... tip

vith rIl e " sual oil linormal conditiorrs:

ip ii, p q.

SIli 11 mat rix C. iiiav he written in canonical form as justified in apl)endix

C, (4.8)

%1vlte lili are dyadlics of devco ipConmparing with (4.1) we

CM . 1 t1 hecoii. (.v ,a i t l 4~f'.

I, P

4. 1' I 1' I

SI, i l -ili' are ti sari' mat rix. If we now 1ook at th l I ranisforl1: f vecltor

* .i i,. w,' ha e
S I' I'

""""' - "'" %'" """ .4.'\i'" "* ~ ; " ' 4 - " " " '4". %, % "% ".% A4.* -

.. *%
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wvhere Scalaris are slhown bilet ween pa Fet t Ilesis. Becals oS f the al ii or-

lioioiiili vco)Iulitl)" buet weeii these tip,~ thleruight sdof(.L)is redlicerl

toI) ti < Ilerefo(re vector. u appears as; at iar cominiation o()I tie vec-
or si, As at conlsequlence Ui 1 ff ,'iIyb 1)(ongs to 1(1f hspanbc ~ m dl(

h11 S,. Tlie s allle could hec sloxvi for)I everY lip,. ( ovel'ekV th li iikiioxx

SP1, br/mw to f/ic IP-dimco.Rieiuil qu b.ypacc d.scribwd by lhc kunown li,. This
is thle first illp-t atit fePatulre o)f' the vectors Sp, It Is tio)t I lie oilvY o1ie. Ill

his suibspace the S7, are boun1 byv several ol her relations1 to lhe discussed

ilext. Incidleil I v, ilie above (tlssl(I~sl (lispi-m-es at possible miseoumiceptPHio

that Iindividuial solilces call be riescrilierI bYv Iniuvidulal (igeulve('tdrs.

4.6

o 'liiit., will he easier if we accept a preliiliiiar.,v "I lieo-ivliie ishP deiiioii-

st raled 'Ii appenidix 1'. Let uis conlsidler a set of J) vectors V,, rescrihiiti. a

/ -d iriieiisioral .-m bspace wit hili a ii A, lelios](iola vect or spa ee. ;111 1 a lso a

dmi,,mial iiiat lix 11 of enrr N\. built aIS los

Thle riii ix If iii ax Ioxy%% he xvit t ei as a t still) ()f, dlxads,

0I V- V,.(.2

whle re xec t r lv; ave t lie 1billowiuig feat iii es:

()illv Ilir' first J) cmolpoelfll 'hV lililoi /rIo). Il dlie

wm-dis xituis VV isi t Vrfd. 1 1 l,1 ) 111ilccra Sjpiilicdl1 i ir

* frstJ) xe. oJ t lhe hill .Y-Jiiiieiisioiill~ spilcf.

Hw- d w ( 'dt

d'%V % 1 V. i
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'his being accepted, we know that the matrix C3 can be written as

C, = UEU t  (4.13)

s,'i C a ppenix C), where E is the diagonal matrix of eigenvalies, c,, in
S,'eriesillg order with the last (N - P) ones being null, and i is the N-
.i i ensi ma Il tnit al .,v matrix whose coluins are the normalized eigenvectors
Of C,. set out in tl , same order as the corresponding eigenvahmes in E.

Atimnigh the last (N P) columns are indeterninate they are arbitrary

elg.ilnvect( 'rs and obviously U IN a. relation specific t.o unitary niatri-
",'s. ( I '- is tle N-dimlensi nal Ilentit i latrix.)

Since tle ina.trixE is not invertible let us consider a diagonal natrix of
,d ,.,nhr,,, b -- T o)tained from E by replacing the (N - t) diagonal
-, r s o)f E with soime arbitrary scalar, here chosen t o be 1. It. is clear that
we. ,'m ii write,.

F D[D (4.14)

wl, eve' D: i partlv composed of the eigenvalue squa.re roots. Hence, fol-

C, - U ,Dftl (4.15)

Iiwhirll mav he solved for li as follows:

,.i t 2 -, -

tc~JJ2 [1.(4. 16)

Hilt w, knmw that.

P
vi, = , .,SS, from (4.1).

PSI

liire 'sinct e 0.t and~ Il are c'ommiion for all Sp,. we have

if VD lb UtSlI StUD 21. (,1.17)

V, D [T S,, C.AS)

%
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%I lien we have

'FIherefore t lie Vp have all the featmi es list ed inl items I aniid 2 at t hf.

I egilii ung oif thIis section. WNe call th len derive featur es of thle Sp, bY solvi ig,
18). Since (1.18) yiels

whlilchex l)i'e.,es r ic rq ISpas a functiono)f'C. a ii(l (if ain -(lii tnens itt alI vecto( r
V,, gifted WitlIi the featuitres dliscussedl above In it eros I and 2.

Since only tire first P Component s oif v1 differ froii Zero, tilie samel

in us Ie rit fr ecorV~-c 2 t 'TI'l diagonial elements of D fromi

Ihe (P I I)"' to thle A"", t hose which had b~eenL arlbit rarlY chosen . if) fact
disappear. Matrix U is mn ade of' coln iii in vecto(rs which are t ie nrma lized

eigiivct iS if ~ 'File iii (eteriiriiat e cigen vect ((p are neutra-,lized l)cma se
11vhrel 1 1t ij dvi g Uj hr the vector V,, t he element s of U fromi tile (J P I

hotie A"'" co di n are always inilt ipliedl by t lie zero element s of vect o r V
Elpj at ion ( 4.20) nmay be red ucedl to Its esseiitial comnintimts,

5,,ss .\,, (12.

where:

U'is tilie irectanmmgular iinatrix ( N rows , P col umnns) whose Coli ius are

The first 1P normlalizedl eigenvectuors ofea

is a sq niar ( P. P) imeat nix whose dtuiagon al eles f... . a re I Ive

i are roots of tile lonzeroihn i fvaIlies of C., arrange (lln decrneasin g
co-1r and ( corresponinlg toi tihe eigenvec tofrs of U

6 ~ ~ ~ X Xis a F- coimpllellt. vector (column miatrix) whose complonenits are tie
first P Comiponents of Vp. The set of XP, is gifted Witlli tilie santle
featu itres list ill Iters I asd 2 as the set of V n(

lF-ii c Ion ( L .2 1 )is coiere rt i_ ll elisef that ie It 1i te left and iht sides

A i ' I')
Sholdd~- he (.)llllIla rc s w ,row .Tie. (1clia lo[ellll , I)[ DI frde ll

XV is /I H

1? I1 N eto

A ]e( )
!  

,) h 
t

t o e w ih h d Ie n ar~ia iy c ,sli a'

,." [~ lle l. [~li ?i lai :f ~ tlllv (i ls w hl r e l(lllti(

* .s,. i *?%, ,
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he final result is (N - 1) as expected.

I'lhere is a lbit nore to say about (4.21). \Vhen computing the eigen-
veci,,rs of a CS 1)M, we can get, each of them only up to a phase factor

cxj(io@). If we choose one possible determination of UIV, denoted by U0 ,

I ie )ii u)st general expression of U xr will be

t ' = U"T (4.22)0

here l4 is the diagonal (P - P) ma.trix of the phase factors. Particularly

( )tl 'p  I,,. where Ip is the idenitity matrix in a P-dimensional space.
Tlls gives (1.21 tie form S1, U0 kp. or permuting.. . . o . - , o r p en0t n t h e t w o d i a g o n a l

- U 0 A 1b'V X , . (4 .2.3 )

N,,w the specific features of X , necessarily react on the vector p _ PXp.

0.ic p -1 q then Ztq t (sp) t v) xq 0.

' m ilnprtant feat ures have been conveyed from vectors Vp to vectors Z,
1hlimigl vectors )('. Therefore. , K 11 thc - co/u ii i of a (P x P ) unitary
-",tru. it th, P-dii niilonal ,b.yoec of thc first P cigcHicc ors of the

I !' It iiiiat 'lv

U AP Zi , (4.21)

v I li expresses every S , as a hnction of C, and a. I)a.rt.ly arbitrary vect.or,

"" gi It ',I wit h lhe features imenti ioned above in itenos I and 2. The fundamental

f liatili ('1.24) cani he visualized as below:

. .p 01

",v : " . 0"

,-, Iii . . . i.....lip Z p

-... .(j

A I) A\ - 'i Vi f (I' I )

Ul.,

or&

% A
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Let ts have:

ki t he( 1) t' co)lPollelttt of ulk , Wviitl I i ii <'

:pk the kt' l component of ZP, with I < k < P.
S, ille I h component of S

Then (.1.24) becomes

.~ li''' 1. 25)

One can renark that I.le t h cominponent of tile S , dep e nds on all ilie CoIll-
PoICiIts of vector 2p. Therefore aiy ;p,, depends oin all arbitrary scalars

which could be found in vector Zp when I nildinill the arllitrary uIl .. V

imat rix Z. Furtheriore, .q,,, adso depends on all tHie eigetnvalues.

4.7

iThe first conclusion toA be drawn from (1.24) is that an exhaustive use (f t lie
p. ('[~l) N is not ( otU l? It) deterline I lie P source vectors. NIat. is lacking is

a ( P J ) imitarnyi at rix Z whose coin ins are lhe partly arbit rary vectors
Zp which are inecessary, to determine * Tsing a priori inf torm at ion we have

to choose a mat rix Z, suich that Zt = ip.
One may wonder why a unitary mat rix is needed. The physics of't his

point is illustrated by figure 3.1 in appendix B. As mentioned there, if
ie inatrix of filters, G. is given by the normalized eigenvectors of C,, the

0 1) nonzero out puts (the zero ones yield nulls) are not correla ted and theiri

spectral densities are respectively the known eigenvalues. Ott the other
-hand we rememl)er that the P sources are postulated t.o be independent.
-I That could lead -e to tliiik that we have at last disentaigled tlhe strces

fromi each other. Unfortluately 11i.- I s not Iru, in gelicr('r l. A pail 0 licr-

Srclatl lut pi t s calt be thought of as two mitixtires. each with coIit 1.1il ions

fromi all of tile sources, in which pulhal ,',(rrelatiolns coiling froiim of one

Ss0ttiCe ocCti ill Ilh tIiixtitO's. IBut i t hapl i that tllse p itlial c i''-
.atins exacltv caiico. each otlier. Tl,,'rf'v, ',,'i ,'igelivulie repieseints a!m" ,.',,~ IIa on fi,, lt ; 1 ) I l l-ce" sl,,ci al ,I,'nsit, If

.6

-- ~~~~~~~ 6N os A%'*%', ,~ . *
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wm since the eigenva lues are k~noIwnl, thiere is it posi hility to go a. b~it
firthc byI whiteniing all t he P outputs, tHuls fllat,t cuing die spectrum to a
1i161,01-111 d(lilsit. T.his is the purpose of miatrix Y in (4.24). Thus, t-le
ii isIt we can ob tainl usinig only the CS DM , are P spect ral1-uornia.lizedl miix-

tres of t ile soiurces. [hat explains ]how the seI)aratiotl of sources requires
a.s in pt ii is whtichi (alt be ex pressed as a iindar or 0 "rotatioti'' matrix.

J ( )~ne Case where a So.ltion can be reached withbout adlditional assumnp-

is ICC tics when P -I , hr -biously t. he wavelcoit is the eige eto
lII.te sp~ectral denlsity c~ I, aii thle oiy source S§ . The miatrix Z is thien

red ne11ed to ;its fircst elemient, whose imodulus is equia-l to 1, and therefore

to n abitaryplise actr. his is of oconsequence since

a wvavefrot represetts thle relative p~hases of it~s components and is not,
iltantgedl by a. pliase facorcommonlil()t to all the elements.

Anot her hold case where a solution appearts fromn (4.2-4) occurs when the

a ;ira v is SO) large and super- resiilvi ug Ithat all tile source- vectors are virtily
(o Imontal. Tliein the eigetivect ors are the wavefron)its andI thle corresponding
celje ivahI~ es are t he sp~ectral d (ensit ies. Un tder these conditions t. he miatrix Z
is rc~ci ited to a dliagotnal matriix of ar'bitrary p)hase tactors, one per source

I e[Mo it (isclissi tig t he getieral case it might be itit.erest~iiig t~o check tdia~t
1 .2 1I is cot mpat i be withI (4.1[3) M ien t he useless cornponent-s ol the (N--P )-

lirn isimiia I comp jlteentarty subhspace are remiovedl fromt mat0rix C' . If we

cxprcs S Sp in thle same form as (4.24) wve get

p t j z p , tp (4.26)

Thie iiat tix pZ1, is . e dyadic of Z Now
p PP

p 
§t

U1, 0 ~ L~ (.27)

['lie iilt ci-x het weeiil brackets, is thev Ohf 11/' lmt ci-x 'd, oder J). Indeed ;uIv

%L

-. f4 4 % \4 '. " % 4
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cOll ii vector V is tranisformied as

p 
p

[zi~ -it (1.28)ti

Thle scalar (l-) is precisel thle "projection" of V oil tilie iiiit vec(tor of

lie pt h axis. So (.1.28) simiply means thle t ransforiri of ii is I Ie( vect or- sli1m

of it s own comn ienit s along t lie P axis, anl t herefore V ifs( If. I1(11ce

wh~lere I. A IIs thle diagonal miat tix oif thle cigenvalties t inl I lie oiiiv si bispace

4where they are nlot liills. U0 is tile urnlta ry m1atrix U r(lutCed f IC li 441fi 1

eigelivectors. Now we note the( forni of (4.1:3) and (.1.29) are %-eri-v mmioicltlie

4.8

The prol lem is now to correctly a ssess the( degrees of freedoii req iiiredI

IhY ilie "a i it rar-Y unit a ,iv miat rix Z fi ordler to (let erine filie rcessa r

it I?.ori .s ulq~ MjId 1ion1. Whiile enou)Ighl a -sii inp1uiolls are nieededl to (comii i i s

tlie Sp, using thle full pow)~\er ofithe airray, we wish to) avoil overconit rai III fig

hel( prolemi to preservil(- h informial ion Coititineiel ilie data (SI)NI. TIo
* odo t his at unitary inatrix (1 - P) is butilt of, P2 compllex scalars which are

viii vallent to 2 P' real scalars. The coiist raiints 1bet weeni these scalaris are:

1Every columin imust, be a normalized vector giving one real scala r

4 t1el at.i m per Sp for a, total of P relations.

2. vry colinliii 111st lbe ot hogoial t~o all th le ot.hers, wvhich Coirresponds1(

t P 1'- )1/2 relat ions bet weeii coinplerx in'ilers anid I i erefore at

total of, P(P f ) relalioiis betweeri rea,;l scalars,.

So the 21)" real scalars of Za are lNridb 1 rltos tIeabtrr

Ireedloiti wvith lm iiatrix Z wolid seili to be d(leili oii P 2 II (II sclalrs.

llowevo'r we have scell t hat t liepas-ato f i colii1oo1 Z,, oPfZ p'la it,,

role Ill our aulalvsisI iii llowii mo relwaa t mi tmdeteririjirecd.

~ d PP V ,~p - 4, 4,1 ~ 'r ~*,j Pr ,
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As a result the number of real scalars needed to get all the Sp is P 2 _ p

If we look at tihe set of P vectors given l)y (4.24), each corresponds to N
- plehx scalar equations, or equivalently to 2N real scalar equations. For

Ihe wi le set we have. 2N P real scalar equations. What is the number of
le litii.kiowin parameters? We already know there are P(P- 1) real scalars
uint11(inced hy the vectors Z,. gathered in matrix Z. Oi the left side, all

2 .V ) scaliars i r ning the compl)onents of the Sp are unknown.
We then have mo1re unknown paraneters than equations. That is why

1,, iqno r ii,' ab)ut the Sp prevents any solution to emerge, even wilh

Il ilmst ,xlelsive use of the CSDII. Sorncihing has to bc assumed about

/b1 SP: )ut any assumption should provide precisely P(P - 1) real scalar
111,fti,.q bt,'mn thc copnponenis of the SP. More asstmltions would lead

its I(, impo 5CS specific features (relations between the element.s) on both the

() I mld the related matrix UY t lherefore causing conflicts between
-l' e Xrimental results and the assunipt.ions.

Ic'we IrYig a general approach using the minimum necessary assunip-
j Ii,,IS, it is ilt Crest lin to illustrate the previous development with the case

I' '2.\ ilt arv mal rix of order 2 is made origitially of 8 real scalars. 13ut

.lle cm011-mi ZtZ lead to the classical writing,co I. -)Sll "),+ , *9) e i)1 0 )".Z Sill( 1.- )o-xth(iO) Cos( 0, 0 exp)(102)

x liere ,rely I real scalars remain. The diago, nal matrix on the right side

,,,V1TirImls h , lie phase lactors of the first and secound columns. They can

,f','1it a rI itrarv so ilha onilv 2 real scalars 0" and 0 have to be introduced

in tI 1 J" or ,'q ati.,n..

It nmuist be observed Iat. both scalars are present in every element. of

ih, limatrix and particularly iin all columns. The generalization of this for
r vallies of P is a harbinger of computing diftlculties which arise when

deihl mill ing ilie source vectors as functions of tile arlbitrary scalars. li the

. li,' r;,[ case we are comirmi te,,l with finiliug li ll bllliher ol, scalar relat ions

I wh,,it lI comllpomelts of tle S1, which are n<cessa, r'y to ,om plete tlie set

d' qmitions 1.21) wiih exactly as u muah n l 'llmyleter's ;s there are

-. ;ivaiil~;l,l,' i iilhiii>1s. Noit %-iolatlig this conditim witl rlelialle. coiml)ailile
;,- .Iliil inms is hopefully a wavy to solxV' tile nrohleii (,f fimidlirng source vectors

-.'. -,.i , I ' 1 , f l I ,rrwy/ po', r.

1%

z e'e*._%



56 IUNKNO WN WA IVEFRONTS

-- For the case P =2 2, (4.24) becomes:

UP I co 0-

1) 0
,2 ) cos( l" )

These two vector equa l iols bet wieen lIe ('orfoieiit s of Sj anld §,, yield 2.Y
coIiiplex scalar equations or 4N real scalar equat itns. Oil f lie left sidle of
(.1.30 ) thle iikiowui paramleters to be CompuljiIted are p)recisely thle IlN recal

scalars of ie components. On the right side, ile tik n wuns (, iavoilIlde
whether interesting or not) are ii, and 0. There are two more iunknwo's

tha i relation SO we must eitlher:

1. Arbitrarily forget about t,' and 0 by deciding I:' 0 anud assiuuule I ie
two So urce vectoIrs are oithog iial (very large arra s) a rather cruile

lprocedulire.

2. "Iiv-eit" 2 real scalar relations l)etweeni the 2N real scalars ill(
* 'V source veclors. This is not very str'ingent and is exactly what is

reullired to reach a solu1tion. More a.ssi1ul)ioluis would be too i1utch

anid would req ire ci lip'Itibiliy with lhe experimental (CS';)\..

.4.9

Let us first remie!nher that we arc considering arrays If' somde (it0 s,'nsons 4)]'

imore, and P) up to 20 or 30. (learly, all the assumptions made ill previous
sect lo-s about, the source vectors are of the "overiiforuiation" type, as
coulpared to the min imiur sufficient. assumptions. For example the "plane-
wave assumtl)tion" of" chapter 2 corresponds to a source vector Strl'.ulChre

with a copllex amllitude and two angles for the directiiu . A total of 1
real paranivers are iieeded fou r bis v'cto" ,el'i)i(il. It actlurall iiiidies
2A' 1 iIidicit relatilo s etwe ie Ili, 2N real s'alhirs oIf tile cliiI ui' iits

giving a total of P('2N 1) relations for all I lie)lsmiir', v'ctor, which excee'Is

I he I( ) 1 ) striclIv lnecessary rl.lail ou s 'o i ltil le wil i Ih,, .pXl.til ellI
.S1DM C%. Soietiliies tlie uiiliilu relatioms ate iraolicallv ai iilmt e l.
A ,s all ,'X Il1le. f' ,i ii Ii ,' ii 'i ,i ,,\II Ilii(lI ,I ,',l ')le j.i' l ,'is l, Is, lii, s 1 rc .

a
-. -

-"'V-V
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vetm Cr ('Ii is oft Ihe Tloeplit~z type.1 The Toeplit z criterion hielps sep~arat~e
I lie u uce ('5DM C , froiii the dat a (5DM C r, which cotainis uInwant~edl

iset ius gi vinig anl estimate of P (thle problem is to finid tle largestl

Toobe -peIli tz Iia-t rix coiit.ai lledl ill C' .
\+zzoSi [2-51 has given a fill] solution under less stringent assumptions.

Fm- Vl a 5i Iice vector, onlly thle amin htude of tie coin 1 otlefts is su Ipposed t~o

h"' e inst a, I . Th is conulvii- valute amiplitutde and the phases must, then be
leff e-lili ied. Thie assum ipt ion of a constant amplitudl~e for N compLonent.s

-. ~(H-Iespolds to) Y - I real scalar relations for each source vector and P( N -

rchilis [or all sources. Althbough this is a big step forward, it, is still
()vere(iist ra i lie( sinice it exceeds tile i iiii iii P( P -~ t) relations. Agaiti,
lie si iire ('SI)NI is sonliewliat specific thus giving aclue for' theestimiation

)tI her examiiples of tIls kind cold( b~e p~roposedl more or less based onl
ITO lii Imol abouit specific situnat ions. True, it is painlful to refrain from sini-

( lvii a 10111 I Ai )llv (Ii Iictilt p~rob~lem by, adjusting the ('5DM to a given

sh a"'w. anid thlen fit her refrain from blaming any discrepancies withl tie

(N eriieii a (SMLNI upon a lack of spectral and~ cross-sIpectral (lensity es-
I iildIo)ii airacI ' . ('SI)NI shlape a.(ljtstmint becomes even more tenptizg
1 eea II Se it yields an est imnate of P, andl we must admlit, that ill section

I .I e ii d id v derive stich est imates from conjectures about fle set of

(iA'i~illS.BMi t his is nytansferrinig conjectuires from one place t-o
a 11(d1 er . (learnv coinlpromis('s iiay be successful inl some situations. Still,

'l us Ii Ii l pri blelli to its, solutIions leaves its unieasy. A nyway, for- better

((V WM'(Se We, have cho seni to sail. so we shiall nuow try t~o finid a miiinil set.

'd iI- >illllilml w1 h vichi lalaiicc thle eqiatiouis Witl i e tinkiowus.

fr- 4.10

)m1 ~ I s n1 xv I() si iggest somiethling abo ut tile somrce vectors or thie wave-
s Iwiunsvves Il(n nmt abolit aI miodel ()f tilie Illeflilljil Sinice we do( 11(4

(lot i-id( Ito loeaIlize). It should lie a "iiillliiassitiliption l which is bo1 il

f01ll('tce anld revliable ti bs allowving ns to Ise thle lull power ()f filie array~ as

A ''n'.t ;(t iuu's' ('1 1iw C. Illatrix 1w I til' *p!;iau(-wav' assinipt-ioiu' Iliad' for :iuv

i riav , tI Ii ,r m I 1;tI, T xh1,1MII'i'.ilsV Il're ( iIiri
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e'xpressed )in 1lie (S DNI th rmugh thle set () vecto equC11ation's (4.2.1)
Thie assiliitlu p)ropfosed hiere is: aI Soilrec Icdor, uwhich isno ic

(550 irill/ a JI/tZ (cac can bt, (ih dcrihud (IS a co/itf runt suainl of pia iicnoi

((crOSs /i thu ii! itr (of I/it arrayi. Stich a suplerpositioni shold( approxi-
miate' the stliict vectori miorecClosely whien thle liiiier o)f jilaite waves :s

Ia rge. but til, niiiiiuer. is lifiited by thle numiiber' of senpsors illth I la rav. N.
lTiis assumpiitioni iia lbe dlispultedl but it steiiis to1 deserve tite (plialificali~l

~iuiiiiuiiibecause as we shall see lateri:

I. The iuitiber o)f planev waves is act ullv laige inl miost ofI t ie( sittnat jMltS

%V e ('Ci CM IS:, e Ii

2. The geoiiiet rical significance o)f at pla ne wav e is not~t lhere anl a hsolic

lpielliniial'Y retqui'eiieit but is oiilx to lbe at potster'ior'i coiitri'etl.

Thle last remiark gives i lie wavefront Imdel Ilarge tlexiliii . It' all c'X-
-, ~~~e'ted "pla lie Nviave is foun to( b( e non- plante ( we shiall see ho w ) . it still

c lJit r'i hittes t to a pa raniet ric modlel of thle waveirotit . If t lie p a lie-wave fea -

lit-(, is (coinfirmied, 1t gives at clue foi' localization. Tlhlat is wh'ly we shall naiiie
lie mitel at ct diereijt sui () f "cond(it ioinal planle waves"' CM1'

lhiiiikiiig of lairge fixed arriays. let its inow r'estict ourselves t( ain arrayN

wit It N point -Ilie senisors (as colparedl to lie smiallest walveleiigth lmnlvevd)
which hiave it flat fI ejuieiicy ' lespouise over' thle useful haniididl Ih. Since thef(

a ira v gefli itr iv s (muipfletelY known'i we can define a r'efer'ence systeim inl Ille
real i ree-dimeiiiial space wit lf it poiiit or'igin an~d thlree (lithlogonail axes.
Ihe, ( 'ari sial Ii psit ion oJ thle 17,1 seli.Soi is I hl givell byv a klloii'n vecitor

which s"ietifics t lie letilgt hi and tliiectioi frmi t Ilie oirigiiih t the Selism., I:,,.
()i ii I lie ot her hand an Iincomni g plane wave is ('oiiilet ely dlesc ibed hYI

a f rliali ,tel :3-dliieiisioii al vecto I1 0 1, pointi edl from thle ()I'igi ii

to no rds t ie( pla lie wave ( opposit e t ti it~s propagatio n direction ) i'epi'esenh fig
I ilr alngles (blia ri ii anmd till ) . T his vectoir tlos n ot depend ()ii fl'equ ell ('

ilnd isunknbowni ill O)il!' hpi'olvhin. .A "(' lhex ampjitudiel( A1 r'epresenitinig

I lie aillili lde alit ld~ htet t lie moiigiii-jtoit is also lifilmiovii and I'clic.

* tl'j en ldent

* VVel' cla SScalh 11 t he phase falctor coi'iespoiihing to t lit' t 1ac t in1' delay
from th I -ginl to) tli' silso)r. Is expL27ri(&,, - 14 where I lie (( ". stk1 tids

ora sc~ltir liiiierf-prodiict and where tiE %vt'r cs t" 1i1f' vctor 1:" iiie'a
'airedl litictilis dfwvl'i~ .lp 'fi(tI' f\t 1 c is lliwi'loloial

I%
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i rlel ctiC ))11 remiainus colit plet ely kniown inl every frequency bini. As we

lwI a \ h Tie 11ig ttj(l~ hsppr we let. thle frequency depeuiden ce be im -

di i . I erefre , is a known vector inl the 3i limiisionalsae wief,
;i "true plane wave. 0Is uin knowni frequency inidependent, ali([ represents

iw)real sc alarvs. Fit rt aPV (IX vector 0 will be coImpItedl inl every [requti icy

1,1) k.1 a ~(1tei iwill tilie (T h Xle verified as tfrillC being a [req uenc v
idepteiidleut plhine wave.

lIM'he cl)l ipllex ampjlitudi~e 21, obviously Al is the saute on all senso1 rs

atd ;t Ow mriglitu. If we wvere to represent on ly o:ne plane wave, A coiildl be

ai na i t jty scalar. and tie( a hove phiase factor would exprcss the phlases,

7Ia I toI thIat (d, tilie ori.gin. But since we Shall dteal with a stiln Of coic ic uif

vauewaves, we havye to describe the relative pliases o)f several lplane waves
at i I miid a .i 1 hias t 't be a compillex . frequeiic , dependent scalar. So

.1,i Ilepenids mn 2 real scalars, amuplitutde and phlase, 1)0th tniciitwn in
I.% Ireqiieiiv h ill. Tile expression foIr a, plane wvave oii tilie it' sensqor is

II1 I,-))rmk )ut I real scalars. Whlile two) of them shoil!4 not be freqtiency

ii ali ti- uiiav tin)t always )ccuri.

4.11

Am 'I lcc eto S described as a stint of' RA, rcoherent plane waves,Y Vilds

,)I Ii a1, sO uts r1S a Coiti 1)oiieut.

-I k .exp1 2 ri (.L;,i - (I

1 particullar sour-ce vec-tor) Sp withi a Specific nliilber of CiPX, KP,
1)" a ((IiiJI(iifit Is giveit IvY

1% lli i 11i.O 'a i V ( fl dal Sp hca,~ 1 (.8ue ;I ")mIIce maY ave i ti dii lerfIl i

r ii t t ; atit r a ;i I t i re liiT111 alloiv- uu, flex1ilitN 6) O l valv we express



;II.V loowse it p ii it we I I IiglIIt I IX'e a])wl I lihe rcelat I I I..)li~ei , ol o xII(d I lIc

so)lute'( VeCt 05. IThe C011)Illoiiclt . ( ,,, leteds ()It III', real scalaris. W li

We followv (4.31 )from onet sensor to ajitlier oiilY thle geoliet i) vcchwi'&,

varies. hilt It (toeCs So illit a tei'e't lY kinowni wayv. Thcre('i'efill- Ini ()I' o I lic S.,
( ol poieilt s. we have at ',et (41h ', iiktiioii real scalaris. The phaise ,1 1,

fil a iveli k. is t lie samle 4411 all senisors anl expiesses t ilie rci't y pia'
lie A.'',( 'lW lbiliilg" Sr

S? I~ S i e a i S 1, a II ii tIl~e (IveelIii111edl l)e( t tf ri' I liaii w It 1)i11i a 1)lis 1 a1ni ; X, l vI

CM I1I(d. Iii p rin I ple taitke aii a1'h It i' p hI s for m I e ('I T\\ . iv rxa IIii( Ie

T'I'l,s XWMild r'edulce 1) on i iiiiiiihumer ()f unikiiowni real scialai s . Ilmwveir X)

shiall iiot d1) S5,. becaulse w4 e ale( golig II) cmli1 are hlis parailiet rnc xr. P1

t)f'Sp, wit tI hatt gi ven byi ( 1.2-1) orI (-1.237)). Thlese twov( ex pres-sili s illiiist f m 1.

diff'r bY anl iiiknownl phlase fil'tm. ut) I14V)i ('tic lipre45 lt I li 'mm.I S.

Cex'ep~t I'.il' p hiase. Thiu.s we 11iiIi til ili at lim' )hias4' tict 'i I'm .1

l'4 1 )ieseiftit any% po)ssible phase difllereiiee bet ween I he' t %- xV 41,)>'i 'Its fill I hi)

-S lii ,,. p A s at res it It t tIel n)umbI er 4f', free realI scatlii is Iit 1i I I I In )(flt ,

((liii l'1Ii' at I A,1. T hie t (tat4 ( CP \ for ll t il' 5,p is A, wvithI

;Illil I lit' prl'd44 lli 144 i 4>'' hle) Xvihl4' d, I- I cl )111 pl i5mi wX'itt 1 .2 A 1w
hiir i VcIfmmw.alal 1vkc (P I ra

4.12

od, Sp~ froii ( 1.2 1) uiX44v4'5e ltt ilie ('c"14Iii~leiits (4f Z,, and thli (uc1'' I lie Saii

o I~( /4 I )f'iev e lal 54'uitais (d, iatrix Z (Whivious iii t lie V4 2 exaimiple 441
s4~. ('4'i~ii ts ( m(XX te 4oliiih11 l'i if. fr thir saint' , S"(d t lin'S I I),'NJ (l'ri'('d

I 444 1111 ; cI tat 'I ' (

f41 tlt X'I444 'I I 4 I Xf4 xll4 I. I I'il -4ll~ ' 1 i11415 I14 IuIlfIIHI I

.%4.

%



;mthe l v'alii of' K is given by 41K i- P(P 1)--) 2N P, orI solvinig b*r /k'

V 1 P(Jl )

9 2 - 1. 3

I'0 e h*)1 ir givent 1). thle niumber of availalble (1P\\ is OlVimtisly growinvlg

%IIIIA tilie a rrav lY pwer ) at tilie rate 4f P waves for tivo iire senisors.

lii It( mii tore wave per waivel'iiit.

P"H'liiupis less o)bvIoit". N is' fi1.qo( ging WOl -i 1hi nink of som-rs 1),

it lie Ijittis ()I it s possible viatioii for a ally givenl N. Indeed tile J)

(d'rvt veo thle Iii M 511 le o)f 14.33) is (A" -F) /2 4- 1,/,L a. positive defiitie

1l11t11kcr. It is al itiportatit atsfect of this assessmtenit that tile whole set. o)f'

I iiVect I )F is dlescrib ed lbet ter When there are mtore soml ces. Later, We

lll cmlO halck to this relmiark. Neverthleless thle mean value of (PW iwi'

Lecreilses as J) g~rows. IThough wve Ii ve Ineit ioiied thIiat. tilie CPl X

111%nit he awii caitti -alwvays be) eqmally (list rilltedl, a rouigh estimat-e

(dteIwer if* lhe a rravY per source vector is given byV th lint eger nearest.

F 21

;,l,11 ie11r (I ''teases with P, mi d the P) derivaItive of' t lie right side is

I ~ ~ ~ 11 fit iwrtis a o I mm- oremorctis thle description of each iiidividi]

1'':;IV4eiriiit iv ei'eliceri 1)1 oi11/ our ( lM\. anl exrentelv slowN I-ate.

liflire giin xatiIples,. we sltall first itake, itot her salassumiiptioni,

I. toJi // (i n I(II rV( it 11io1hcr. ( oisideritig a-r-ays of4 6it selsos ow
It tI hIs is aiivt Ititig bilt st rintgentt. Lqiiit u (1l3V3 I reaids

K' -I (-1.35)

'I Ii .\A 2 ait1 i iItI egV'. [or) I- to also be ati Int eger, thle even tiuurikber P( P- I)

I "t see ' a few examples Where t liis coinlit ion Is fuflfilled and afterwards
h 1a;Ipenls when it is not:

e- 1 i). 20t hence A' 50)

I 1 wli'et Of 4wavefrwnt" s" isi(ref'litefl hyv ")t." ( P . Tli'eeauiujot

1w i te sa i'mituti ti lii'! ofd wa vef-iomt per sotirce. huiit the niea i power of

11w cma i lhe rejuri->eitted by thle ititegt' neare'st to) .5f5 20,. uianelY

7



2.N 62 20 hence A'2 525

A\ddinig 2 more sensor's ( X art even numtiher), thle whol1(e Set o)f walve-
fr-outs ilre nmo derilwd 1), 20 mre (TlW, orre per source. hid eell
tle int eger nearest to 525 '20 is 2(6.

:3. N -60, 1) -r 241 hence K -- 582

(oniiig back to (60 sensors biut Nitit 4 miore sources ats (ipiti-

-~with case I. t lie global situation is described bY T71 more (PW N'hw.\oe
Sources give nllrIe inflornmation as, (0111( be expl((ed. Nevvet l-III ele.

pe souirce. tilie integ~er nearest to -582 2.1 Is now 2 1. It i-s reroarkahle
that 4 more sources have stolenII nv lyoe ( IW\V as coiparedt to case

1for the descriptori of a particular source vector.

4. N -v GO, P -- 22 hience KI- 5-174 1 2
* ~Let us,- take now ali intermediate examiplle whetre thle eveni ioiiier

P(~ P 1 I is niot at Itiltiple o)f 1. Fm. this case lhe Iinteger nleares"t to

-5,4 22 is cii her 24 or 25 and( the power ()f an 'individlual walveroiit
description Is almoit t Ilie sanme as nli cases I and~ 3.,

Whlat is the meaingii- o)f a "lialf-(PW''? It means that .515 ( lTW is at bit
too) linicl arid actfill v bringas lifto thne sYstem 14 real scalr;e~a ol tool)

MlN' free real scalars fo(r the numnber o)f equiations. One of tie( 5 15 ( '1\V
has be-come "half-known.'' depeniding onI only 2 frce real scialrs Instead (df

*.-1. II> 11o lio((u . oll?( (tdiholia1 (I priori illfocotioll. Onte canl build Iom

of thle 54 (W withI a known direction vector. o)" which is hot [requelicy,
(IIfelderit . al /1'?/ plalne wave. The coitllex ant lphitlide remlalis itiolefiried.
10) choomse Iev directilOu We ca11n rely o)it anl.\ loo)se- a priori Idlea we( miliglthv

% ml(it e sicat pr--fc o)f a particular planle wave III thle de'scription 1of
onIe of t he wa vefront s. It is not very critical. Ani error would be revealed by

~~~ . ~~~a. sm all correspionding ant phititide Ii the final comtntted 50(lt 1)1. ( )lie cm(ibI

sayv t hat the st ririgent assumption of chapter 2 hias now b~eeni sithbri(rge its
at very Smiall part wit hut aI flexible solAutionl.

1

4.13

T[le ituiillher o)f free real scalars, aviliable too dlci) ()it(, \~voelhi'11I"

IA N

% Mp~ifw

0.%
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It dim' Im~ it seem Ipi'pf)ste(1011 to (say this n umber Is "la rge." Iii the previous

ON;aIIuI ]Ies it Is albmit l100, iiuE)r~e Prcsk it is:

ItI In case

1111> itt l a ;ssessilient (lo)es not help1 its at all inl deterininig thle clustering

d I lwsc sclarlls 1,(i- a sequtenice o)f cohierenut ( V.But it do(es iel if) (o)t.ail

ii~evalitat ii u of the( paramuetric 1 )rocessing power. Fm- anl efficiet 60
;Ii anay it secils Setisilile to associate a numbiiier o)f "perfeVct" sources

Let V~i' im 10fl~ -. Thie cuituparaf te figures are t en

I I(te scalaris fir 1(0 sources.

-~ I frec scalarls for It) sources.

wh~itl II liliit a rat,( (o ofoilY 0.730 scalarls for I1 times mre sources. Is it.

M) t11o 1,ai' tImh sav t here is aplp)arent lv never a short age ()f free scalars and

w~w I. i'r uiithir varie's uliv slolm vI wi the mninlcr (osources? B~othl features
I lo * ua il -,md irauii't P eli-eselitatfoti.

\vcrt lieles's it liliist ie eiijphiasiZedl thfat Iniore to process a set. ()It

41 niies ciordiltig to t liepoe liti secio .1.4. we uiltust first finld

al pa iaiuit ruE uiiie ode (110 wavefrotit )ahle to) "cat- 50 eigenivahties outl

dIlit,' 60l x 6it ilt a matrix C. anld thlen get thle 5OIirCe mlatrix C,~ Of

(oi~ a lrg arrayv uiiglit he kiid eiolgli to make the( stikspace divisionl
iw;] Iv ihviiiiis de~petiditig, (ml thle eigciuvaltue s4prvaf. St ill the (let eriniftiou

I VI' il te weak pl~ t o)f t lie miihod, even t hoiigf we miighit have some
lilt.,iitli All ()f thlese (fiffietulties arise Irmnt trying t~o avoid faithi ini

st rtil-elit wa Vet rimit assumnpt ions. Btit the assum ptions we have inadle arce

J~ il /.I/ WIiiiiOk. Intst ead(l ,f direct st atrenlent 'S al)onItl t. he §P t emselves, we

llake inili1reet stateiiients about eigeiivahies. which are each.I only a, small

p; I f (Iil Spi c~milm n I see epution (-4.25)1. Als() we have niot, yet

11,,l itl ien t Iii fr e iieiy iliIeisiuii Mit MiV i'XIe'riiitital ila almiit tilie

ia liii of t l e -i t dliis (Ehfl lw~ id II tidclt c(Oil t ii lici coidi tions.
1l11' alialYsis ()f tI( l ie a a tuatrix C, lmust he perfiillei ill hun11dreds o)f

luiiiii illits. (entritilvy -mi atiperaitual.1 sit tiatiom P ino expected

1' , O l-N.'.. lch llk l il N 'e v ll s i-e

_Ill, 1.1V1%k *%.'e.d'
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liitl~lVjtl iiSttli ar5 C tli im l ll( )ili.l ast b e l t ICsrvd fiutei d Iat theii ittli t-

t~iiaifv l tiCivillic its hltl11 Ie(1Piesvt'ii (d, of t u set uif S,,

-a it it re it Irtcat vt I ceI ii, III e ) ('vt somel' ia t ;Ia I 1(1 1 )I fI Ih t ijd tie;l h 1

dt he' oli ill % ;1i('> I It he r hl kiiit )1 aIi Pm e t (Is(d tIIIIi - l

Valt' td, P ( its If' it WXXIII' 1iiiik iitwi As sli it a we hiWIvi loft I fIt( p;! I

ott Hmi Ino ,it mustX helt hil1 a ck d1 *X vt aee reililieX ;1 ii (l ilt;Ic elI tttlil tihle 1

its i %*Titftalt itSl lttilit ltfle iterion tol he exp cedt i ttStt~i Xt'ttttl, ati 1)i :1 t i m .

(dtt alieu. Iivtall t i t few Vdel tvi filifVY htillsth itlit-Wcmll 1.1t1 o It

IIsacccit I I te a I vi I a tI t pc1 eeIIit t u vo it~ i. St tosIr s vve t e I I tI WIi oii r e 1c

if sttlltiv(d X ettts Iritleedr Ctf swqlhinq T~hs iou i~pr/ntl/uoo tf111 Itm d

i aT h.,i atl Isoiii hit I t l if i ' t ol (dt is t ( IVC iisit I I-c v 1. tii w tv I .t y he i ~
I iic k I. h~e st l Ilie d s itslC diectt lol iii tit i it itt w \\iii 16t11i

iI II II X It' Ie tu si hXt I l ii i few , vecitoii \1,1t ii alf Vit iifi- t ri pi'li iiav tlt'IIis .

1/ litl Im tI l ie Xai ili th val it (4 1h a a titrC.(p es ililI

I it ~cl . I I-1itpi -i tav e r i (itt l v is ttltiit c t()1*v k r;I[s , hvo

-t l f)I t h ()-tII/; lI p (d)(I i tcI()- e h li w d t1 v

S1(o l(I ) t)a-lic v r ifi ls d c (I'. M d .l i m l~

vcI1(rS .w ih a ela d ()(4 1ll ).1cs ' l ie es )(T i 1111o
o - 1"c. 'Ifs i ee.r t il -(1' l h eQ m l o ?o

A0 1_ Im p i l tIv1 r . l . v h l f l l
I f I II) I)c I ;II(I f r I-i l '.i i t tII I11()c .,> h t ,

I IIItc t -a rd'il v S e I gv4.c h 211.
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4.14

We cmhil stop tils presentation here since we are not primarily interested

ill ali zati n. Nevertheless a few remarks should he made concerning the

r,,latililiip 1tel x veei what we have done above and the process of local-

iati,,n. First. whatever localizationl 11etho1d is to be chosen, it is good fo

INave a lill(e description of the source vectlors. Secfli(d, localization is not

scmarahle trtoill some description of the propagat.it mediuin. III fact the

'(ir.- Vectors thenselves it-, a description (if the iediumil since cach vector

p,, idt ol Ou qamf mf ditm modc l a. w11l4 as the Ctordina.tes and spec.ral

,1. Iiv o lie l(1 Porce. \\e now have tle source vectors which we have been

lr'illt. I descrihe while using a iniiinum of assumpt ions consistent, with

lilt aa Size.

()IIr preseili t4al is to Ilse ilie samie guide-lines for localization. We seek

"rtr' ,;,Iaill'tel'rs whii lescribe the source vectors taking into account. the

1;14 thi, lie s(l ,ercc veclors are known fuictions of frequeiicy. We shall

tlOrf,(Ich Iiis tpi dl'( i ly in a fairly superficial na.nner. It, must be made
cl,Ir th at wiat follows is neither a method nor even a. leory. Instead it.

let i a CWIC)Iitmil i.sesstieii otf' lie free parameters liable to be involved in a

a ; l ic t'ic dh''lesrip t 1 o f' f le lie I ,'idi iii.
.e\V' hav- alireadv assuimedlIhat all sensors exhiil i. the sane flat frequency

Mid,,Se and ar a pproxim ately point-like with a known postion given by

a , I ) xect,,r. I*,, rl preseni ile lree coordinates. We now additionally

S,,ll, uthere is it caliltration )rflemlt and Ihierefore, the symbol S which

h ] 1;.' i1St'l Io, icp'reseli a Source vector ill terms of sensor output. elecric

-v,,l ,,.t' ac;li als I, ' iS ' l to iliresent the souni(d pressilre.

I ii illhie I lie princil)]e tf reciprocity. t he sound field of a normalized

diplluplifl source, is given by a Green's functionl

G m G Ip. Y p' Zp , a .... .. (IQ

xli, fit 5 sivtrc with vespect Io the source coordinates ,llp-J1,. Z,, and the
U ri,,, i 1f tt'S )f I lie 1? eio'llo : illt paia " iet''S fI ... . f, . ft l'tl'eSelit

a nati'i , I leiiiii. Blii~H(Iiig itl (4veif'Ils 1iit'0itii is gcierilV c'asx' for.

.. v'i .'iiiip ' ,,,iithil ifiis such as a I perfectly reflectiii surface or a hottlli

i l, i xviltI a kinl i illiipelaice. lhe piala i -iet,'s (,,, air' then very few
;,1,l i:,,w11 it rim'i. lif thr (,.(r,(,'n'sl' ,111 i,,', r,1pfIl% !,,,,', es ve,rv co m leh x

" f,,r~Iw 11,1 , ' ,'f lii f1i,',dd , . ."i, ,, w if 11 plhci i p (r,, l a il(I ll ,, ld itiolls.

.



v.p. diffract i(C jplieli(Cilelia etc. S() iisiiiII the paraiiters and~ thle koini ()[

lie (t h'i11 ltll arc (dltaiiie(1 frmll anl a(ccepted ieiCli limel 0((.Nlo)st

ii4 thle tim jilic fii(i ii(eI are m(VCI simplj)ified represelntations ()f ill( recal world

whlichi mlil vdescrible tilie Imasic oitlitie (dI ati achia ac iClt ic lividi.

Hwi [)Clilt (J Xi' lc iC' isr P a bit diff~erenit .We (cmijet uin. I hat it iiiigltl

]C 'sille hICllill at peiieia1 G (ieis 11111(11011 wilch iiivolves iiiikiioxvil free
parliliietecr.. W'e t Ie I Xr to (dtl 1 ilie h( ) 1Ca11 p iiiii jlliet ers are fiiftveo

fm-i cmlilpat liility Vwith OWt i ar~aY siZe aliol Ilhe ree illYI acuCIired lei 111'CWe(It2

1C t) l t)I cfO vector's. This 1j itif p rtaifit lbecaiise t his I IIl Ivr oava IiuIhI

pa)aCiciieei. . tl eterililiies tlie cmiijlexil X* (Cf If( lie"well's fiiuict 1(11 wvhich ll i

lhe [Clilt .lo The~lOii2 hiii 100( iae aiilst PI -l t hueC (Ci1iIpiitei

spe(Cillsts is t if( Aeti: buiildinig (df suc !eii (rCi5lIMo~S.
Paaetr a, ii1a' ,C v he real ( IiCC flc(Iii'i*(v dlepeniil'it m. i lt . Bill

hla tevei. Ic ilit~i 1w. I hie aric t ie( sai fm.0( all 50(1 iCeS a rid Scis' Us. ( )Ill lv
%Ifli(S Cii lOc cO CC ,il W t ('s i iill I hoe "cw m.5 ci( Ci-hiilt (- var Iv wit If SCCCIc t aeii ti] (Wi

SC ',I fCpi j)sIi I )I i wit I i tI r Ic a t'i Ir ) ri i i iitaI ' k iio)\- i. T Iic Ii I li I C~ IoitC vXt"mI XewI I

ali miiioCwii (miijIx flCejil('ui v (1c('j)Ciio'i ailihidioo A,, XiOlos C)Ii Ill 11,h

Stu'i. anl aColil c field A,, G,,. wh~ichI is puec iselY th I ' ( 0 coi ii lti'it (d*

vchC). Sp iioCW kiioxvii tuoi(l. W.~ e iin1st ieiieiiier 0a0 Sp Cali be

-kinlii v l~ lij tCC1)1 ali alr1itiariy phlase factor whlich Is that CCI A" A ,...\ls
rciifillir hO'( 17-11 SpecCI ia] del~~t~v of liife mmli-ce mlellilme iO IlCl ci haie ('I

is~~~ II *A vhi (I S- S a W m (iivI lie appjareni j't sciii] dlisi as S(O'ii

11IluiI lie aii CX. FCm. a SP~i weXV have .\ cmlui])hX scalar relailm ()CI*o

I lwiC PC

'1I i'Cl ](ic Hl(d ve I )ariiiiiieiS l)Or ti o liC he~i si(ce 1

which happen)'i toC he0 real Scalars. aind Q2 pa)aiiiiOt('t5 b(Ciiil to life iil('liiu.
* ( Cii'sidletiiig i lie w~iOmle wet od' P smiurce Vectois. we have:

vp cahlar iehlat ioiis.

11) aramtersI*(uI I lie smiliCcs.

(2 pa ralt not [u fl hoi ieil' l ii .

lii SYSt ii1 iS 'ailiiil ncc I wiil
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So . t lie numbiler of' paramnet ers r-equred by the general G reen s fmnction

ii.tlii' ilii n grows withI N andi( P as expected. Nevertheless the full

pr( p(trt uiiali t to( P in (-1 .38 ) is somewhat mislead(ing. It co nies fromn the
3 1,I e we are slipposedi to have fi rst solvedl for thle source vectors, lbtt these

ilct01 -ae alr-eadY anl mI Ilici t (leSc -I 1tio Of tile Illedl i lii. Actually, t le

number Q li l-Oir ws withI P at about thle samne ratec as the inumbier of' CPW

III sectii 1. 12. SO we cali saY t hat nio c sour cs sht'd more "light" on? the
in ll /n11 I( se ri pt ii) as could be i'easoiiahl. expect ed. All of tHis s nqgfesl

iii .3),tilie Case N 0 x20 yields Q = 1120 which miay

SeOCHI anI ci orl 115I dlescript ive capacity. B~ut, we miiust remfembler t. hat. we

dleal \I it II sca/e rq whenl describing comp flex propagation lihenomenla. For the

I' cliza8t iou pr hleiii we mar only b~e interestedl in the source p~aramnet ers. So
wc (.III ii mfi lat e, t lie iied ituiii description from (4.37) while solving for file

N(MFC C(Iii)(l p a Ies and( spedtralI density. There is nio fOrixial guarantee tile
iIna ii ates will ber perfect ly couist aiit from one freqjuenicy bin to aniothier.

)II*v thle lIt ili ate fitiness of tilie model to the real situation mnight, make
it Si() as at first a i fr xminiat on. B3ut, this is alsoJ lite case for anty other

P;>si ye Ii icalizahti n process. The question of whether or' no(t this process is

t1 .11e I(o thle fiiiit s of' its bigh dlegree of coumplexitYv, is a mnatter of further

- ~ ~ ( p(in 0-itto t lie localizat ion prle(ni, we have the cxp-riinn tl stridy
t, h( Ml(ii/will i si rces co n trolled In bh posit ion and spectral den-

0Y . lii11illilzatiiml of silirce vectors may result from I ransumisslons inl

in iii verf pp ubsi-bamids orI fiiim the diseintangling 1Iedlure suiggested
iii~.i ~iis1.1 1 1.13. Once the somrce vectors are Ob~tainled, NP free pa-

no t cers are available to (descri be thle mlodel. Reiterating a remark already
Iii a de a 1 i t lie colit inlis p~lanle waves andL large parametric dlescri ptimons,

Lii' phsca meaning of a particular p~arameter mnay be less critial when
St here are-( inre If thleum. Of couirse, miuch further study will he necessary to

C'Iji I-III thIiis possibilitY.

4.15

iii;iiliicisiiii Iimi lalpter- 1, let is say N.i ha 1ve at latiiscarded aiimy ari
k II' Ic c ;II'mI ; siii ~Ii \-f 'ti - ~ i~ m.c i t hc If.(t (i ;I a xmi h'fiil

!V

'Ie -f "a"



tested 1) tlie fact t liat t lie corresp)(iing ('SINI is a rank-oie mat iix. T'hiis
15 thle iiiiliiiiial reqirlemen~it t*()r spial il )ioessiilg to h Im l05ile. Ixteiisive

exlperiiiltatioii at sea is recmllileni(edl ill o)rdl. to) (etermmne I he extent to)

whlichi t is last asslilliptilol call be trusted acro)ss Various a pertuire sizes. A
signialI is ali soi r-ee( wit I I a xvavefri-it .a s i-ca I ed "p erfeVctC si lce. No I se is

% ever ,vl lung else. W'e are- (oolledl to siliilt italeoitslY (let eriiii all I lie signll
Veil C ict01 ill i S~or' of ,iiijii !I '(' 8.1.

I n prinlciple t ie (latai ( D M mfeasu~red at t lie Sssor out put IS. 1 , Iii-

Volves several "'perrect" smillces lus lise. Thle ('SINI o)f J) lioli.1c irle
jierlect soue is C_ a. rank- P miatrlix. If' 1) Were larger t hain X Ilice
WoulIld be 110 way to (lisenligleI tlie pei'fect -source wavefoiit s In ci achl
(Other (evenl thle knowledge o)I C(, is liit enIouighi). Fcor a sot)IIm 10 ho eps

.r sil)ie tile array has to be large eiougli for)I thle dalta (SId)NI to, he tilie uiii (d,

th lier~ 'fe(' I lCes5DM anid of tle noise ( Sl)NI, 1, . MN. where tilie
ulolse us ullco)rrelatcd wit iI aiiv 1 erleCt somrce. Froui the( exp~erimienital (lat a
(d, C. tilie first lrleiiis to derive matrlix C, andlIlirfr thle iiiinilwr 1)

This could h~e done accuriately itd Ilie cost (if riskY betting aout t Ilie
waveft-oiis if' mlatri~x C, is kniown1 to have a specific 10111. AlthI(IMli this,

is siiiletiiiies donein In ilie literal mire, we have discarded such an appro'ach.
hnistadl we' 1)effer 11 riig hl) viliiiie a~,I hrigii caril exailiiiim nih o

lie cigeiiv-alleS of Iluat ix C,., We utse experience to) coiijectilire hoWv mlul )I'o
I lie largest cugeiivahuies represelt Soilice vector-, thuiis (ltriiigI lie vadlun
()1 1). Tile Is(11( b5lackedl livw Iciiiarks:

1. "iessiiig ahmoit filie eigenvalIeS is less r-iskV thlai guinlg aboutI I i
5olc'Vectors; Sill('( very, smil-cc recI 01 (lpl)iids oii all thle eligible

elgen valutes , all error iin oic Of' I hiemi is o)ih]Y alln r(i wit hinita sma fll
part o)f thle finial source vector1

Mw4 ~ 2. ( i essng is less and less risky v hll tilie arraY gr( iws Ill size.

thie Iar u i t oh the siiiiilllcst, lic('ligiiIII t4)Illf 4hila ( kvt\l \\t l Ill li' s ilh Sl
%1,f~if(IsiO/ as N imiereilses. Ili onaa xl uilsluI iuil elg cl-

vlue, Is it sign t hat f l aray is stilliiellk lv urge to) siviiowild 6cli coiuiplexmi

(fd Ilie uicoist ic fieldl \\licl is siueo ll(iiil('5(ii oic v ~ei

0.41
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this condItIit io finde 11(1'oI)1aliomil 'onitions.5 or conversely, what size array
migh~lt he 1ice(10(.

'A'11 ieh span of' the eigetivalties happens tIo be only a gideline for Hie

choticeof P, ot her cities have to 1)e used, since we initst seIparat~e inat ix C,
I' til I iiiitrix M. As descrIibed0 here, t his s tep is a slighitly genierailized version

of some11 method li155gg0510l 'in the literature. It, conisist~s in represeniitig M
Withi a reli ab le general 1110(101 iinditig free p~aramlet ers wich are adjustedl

to biring illat rix C , to ranuk P. If' the nloise mode10 shlold prove to b)e highly

r'elia hie ( whtichli 1av wvell hape f101 or fixedl arrays), thle choice of' P) iia h le
a hod od . Wh len this h~appenis t he free paramuieter adlj ustmieiit brinjgs iiat ix

to ilie possile rakicomatibi with the nioise m1od(1l.
B esidels t ie( exist cdice of tlie wavefron I for- t lie p)erfect souirces , t his pa~ra-

it ic noise0 miodel is ainothter 1iing which imust be restoredi fromi total

tgnt (ia i t. Fo rtuttiat elY the finl. choice for- P is not very crit ical , andI is
jc i to ait psteori verifica tion once,( thle souirce vectorielterljil

II a vii tg dler elil ill e nuihier d " perfect" sonurces, P, anid ;iia trix C3,, thie

litxt 1)15 de tIis to separate tile wavefront s from each other. Appaxreiit.y it
is imlpossiblle to get the soirce vectors without, addlit ional a5ssumpht ionIs, andi(

the iti ft ri-llilli ti needled Corresp~ond(s to thle diegrees ofi lreetloii ili dii allbi-

i ra rv I) P ) 1itit a N. in t Fix. .An larger coiust rail t wotild assigl n maimix

C, specific f'a liires w Iiicli inight coniflict with ti le exlperiinenta1 data fromi

wIt il C, wals det ermined. Wh~lile less cotistraitits woiuldl leave t lie problemi

tilt "(dt vet I.

A. ct millyv we tre coll ftonit 01 wit If a if ex pressioii for thef( sou rce vect ors ili-

ti v ill" ill( t It' Ilei iie iiatrix C , (its eigeulvecto(rs and~ eigeivlaues ) phi so me

Free pa nt ti et ens cor respI oning to thle dlegrees of freedonin men tionied above

fit ( I .2 I ) ot- ( 1.2,5). WXe tuit thlen Imipose coiist, IaMjlt's Which are just, fitted

t lie' degrees tif freedoiii left inl this "CS DNI-derived" soulrce vector expres-

siti()l. Ylie conmst rainit we choose reqiuires each source vector t~o be exp~ressedl

L ~ ~ ~ ;. as lifillit ct loreti t suiii (if unknown "ci ndit-lon al plaiiie waves'' C PW, wit Ii
Ill Itt 1be otiihtt if plaie waves eic ,ysti ig thle ax'ailabhle degrees of' free-
dIl Stt we' gett a "( 'fW-dt'nivcet'(xpresioin fm. ill'. Sttttto vt't'ots ill Stich

;I tI ot t h l boit t h c i q t ia 1 m.( sitStisfjt'tlft' itlit' whle t'set if' st i rce

%ecttt,t'', We fitlit slificietit tiluituthc' of, soalt oqtititttis tto c'ompu~te a-ll thle

fit' Scilkis Itn bothI ' exprssflstiS.

T'r ( l'W is ;I flexible lt-ittaii(trit exprtessntt whith, tysonil p~rove5s

h )I ; b lci l )1i w d ll l l w ~ ld fi il o c r -

7. ilO1' r r .

6p _luir
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out, this way (f determinling tihe source vectors has several advantages:

. It. preserves the experimental (data and depends only on, the fi,,ness
of a parametric noise model having the flexibility usually associale
with h adaplivity.

I2. t only imposes constraints on ile source vectors which are exactlv
co-ip atihle with lhe arrav size arl(l llumber of sources. Vitl the

somrce vectors al hand, all approach to the Iocalizalion i)robleml is

hietl3  outlined.

'J
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OChapter 5

GENERAL CONCLUSION

Ili 'hatpter 2, while discussing the evolution of increasingly con)lex spatial
prrwe,,',s,s wvc Introduced the conicept of Directivity and its natural innple-
itiewi at iii via classical fixed belformers. This classical approach requiires
hvwI Zri ltietlt concepts:

I. A plane % wave signal coming from a given direction.

-- At ext le iiely Slpecific and uninatiral noise model, based on perfect.
It ,py a rid the abseuce of correlation betweeri any two nonovelap-

pil~ti elementary solid angles.

I,. ;Il,,v" leaves a it;stlliciejt. amiunt of itformation to exploit for the
'it fiiatjolt" m" a sIrce bv the determination of its wavefront and spectral
Ie,, tsitv. IHlere le wavefrotit is already known and the best signal to noise
tit IP, is ()1 ained for t le particular sensor cotmbination which maximizes the
ulir,., ivi t v fac to'.

We-- Wlln trying h) go fitrther, through an estimation of the "noise alone"
.m !!:.' ,I,'frt Some ot her appropriate sensor combination, we fall on the
ridIe imcef)t which grants no() specific status to remote sources transmit.-
t it 1 latte waves f'rom directions other t ha tlie sigtal direction; rell lte
sir,'s allso produce Imiscs, or "tiwanted signals" on the "ea.nt" which
we wnmilI like to clear of atnvthing but /h signal. Nevertheless under some
assitipt ioIs discussed in chapter 3. it is possible to reach Ilie niotion (If

tit',e alotie" at its estilmlat mIlt. But ill such pr(we',lur-es relv (m a.ti eXcess
f- , tidelte it l e highly artificial t()fl I Iti , ldi~lire,'ti inial tt is,. In fact
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I Ilie D~irect t'vtt Y concept doles ho(t pnovIde reliable reiil of I lie no(ise spec-
I ail (llisit v Irmii tile raxv data, and is t hits unable to, reach thle realii o)f

lie s( cahle(l 'liv per- resoliitioiin swteii vhere thle signail spec tra I ((11sit y
is suipposeil to he totallyv rid of no4ise.

Thie nlext apl-mroch to spatijal poeiigis thle adalptive 1 leaii oIII nef11
lomt which thle signal xvavefrorit is still knovi(it', spectral (llsit ,v iireds

to( be i(lo-11t1fili lhit for whlich 1w( o)t lie assiinipt im is mialde a boult t li
1iiixvalied Tos. hle saile slat Its ailso) Coci-rs S-iiI((' withI ai wvve'it (11

differenlt fIrvin thle sigiial's ) and diffuse sources wvith I Wi waverit; It i5 all
unwanlted nise. (dxveii fhle signail wvaveffoiit, buildfig a Seiisor coidimiiiiitio
w Ivlil dp )reser xes ti's sig nal I a sig IIalI allI pa ss filt Ier'') is ealsy. but t lie oit puit

stil conit aitis someI( I nwa nI edl noise. k\ wioxvldge of t li sIgnalIxavefoit
als I", i al kes it possib Ie to buiildI senso. coil hil nat is whtichi 1( rioot let t hie

sign lal I luroumghi, evenl whenl present . Th'lese coinbiiiatiomis are t ie '"SIgrlial
Friee Referenices" ( S F R ). Geicially. ( A, I ) SllIs are available front an

* .\~~A-seisor array., alli I there ar seeaN as or I e uerula edI
ising prml('ss which are t he physical anlalog ()f tIlie diagolnalizaltiorn o)f thli

! F11 c ru 5- spect ral denisitv matrix (('SDI).~ N evert lIe less the SFR.s remainl

*cotrelat ed wit 11 t lie no(ise ,at hiered on I lie signal ()II phif.

lIn t 1is paper a way is de-scribed to progressiveclyN subt ract coii 1-1llut ions
fioni tleoie tht reaapt ively (derivedl fromi i ~l. irnebt

t 1r1e. t liese subt ract ions are bolt Ii t hose (of noiseSs a r I I heir. spec rail leisli WS.

So) t hat inI a repet it ive operation exhaust Irig all S 1lls t lie re.,idllial no(ise, left
inl I lie u naIt ered ) signall cornl palY hy ias beenl brouight to( a iimin ii iiI. Thiis

- refsidlial iois' carliiit lbe ('St itted directl 1YSince we kinow fleit her, whet 11(1I
Tim. whlen a s ignal iiay h~e present .Nevert lvilss ;Irinl t hisI is ;I suwccs

(o IIIe adapt ive bea IilfOrrt rI ig hieor- -it is possible to Shtow that onuly o(hu

S cf/la r rel at ion bet xveen t he ele ititIlIs o~f t li e I)DN is ricelled to( (l~it iliIIar
estirriate o)f the urititnIIIized noise all)%-e, I iurs reaching t lie realtm ofI ivypet-
revsolution sYstemus. Such at relation 11111st be (derixed froml iltil itioit or)I-tr
ieclialY Iouirid to a part iciilar sli nationl. For ai larg e mat rix tis is a "wxvak''
aISS11irimo xxhichi d]oes iiot aIl)('ii to 1)c1to(litilil

*Such ;uI assfilitjti11 can ll o be ( iu,;dvrcl;I; I luit i c);) ll c11%pll m illii1

to)i .1rge waY" .i . III cliipters' 3~ arid I ii large, arxIs a (oine' xxlmlsc si/l

p *:I' t .) h I mI 1 i )1 N(' It I i M OI 1 W r ( ii l! t 1111( A'i gilt iil ( cjii l /ii e''/ ll flt mlp i

,f Ih o W F C il V v '1 ~ yl I '1111

o w -J)I .% 1 1 11'1 11 1 i p l i o
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I it,' ( 'S)I cigenvalues. iII every frequency bin. It, must be noticed that,
I reI ' SCtSOI's lowers the value of the smallest eigenvalue and is liable t.o

%vwidn the span of values. It is important for the smallest eigenvalues to be
mii simalh'r than the largest. NVe then can consider just neglecting this

1i1 livst ei envalite, which imi ned iat.ely provides the wanted scalar relation
i.l't it ll 'Ie a l)t)ve alid yields the signal, in principle, rid of noise inasiuch a~s

SC "i I t irtl'r statistics are concerned. This "large array condition" remlaiiis

t' ,c eXpel ilentallv checked on actual arrays in olperational couc itiolts.
titili a check imust dome efore stating that tie array correctly represenls

li' ii.(litiui and sources, and therefore is an etlicient array.

NIS it ht ract io t techniques and noise cancelling techniques are all par-
iliat Ir aliches f tils presentation as is the removal of self-noise from hull-

. ,,~ii' nited avrays. .\li louig ote iiay be enthusiastic about the idea of nearly
,, -lievilliv h ry,.-rest, lt it iio while dropping all assumptions concerning un-
:. q.wmil., nis,. some caution is iti order because the process is very sensitive

-,il,. shape of" ie signal wavefront. A small deviation of a signal away

' liti, mi its expected wavefi'ont unpredictably alters the output signal spectra.l

l, , sit v. a t iia ii it v we had keen careful to preserve. Making tHie process

11"t,' r ldusit is possikle but this incurs a. loss ill the noise reduct,ion capac-

il v. Il,''idles it i it ) 1(ssilc t be prelared for all the possible wavefrolt~s
I, 'li!a Ilble il a .Y-dimeisional space (a generalization of bea.nforming).

.' €.f- I, I , nil 1i Ibe both fanitasticallv coml)lex and a true wast.e, since we

M1,' 11x cositlring "larg, aria vs." with fai- fewer sources than sensors.
3 [1iitliig a wav to pnrmess signals with iinknowv wavefront.s forces us

, ,'-fItrt siit ..weak" asstimptitm -the weakest possible. We base our
1t-1ttlmi t ti vlt ohservat ittll that a source with al uniknowil wa-vefrolt

.ii,, i, ,t, rlht/ *s har .,om, "i xisi "" utfront. W hether this condition

i Iflilllet in tite real world will be decided by experimental studies which
I ,t' irie whetller alt "interesting" source of the type we might, have t.o

tilntifx ~cliibit s a rank-one ('SI)M regardless of the wavefront. This is,

,i, , wit Ii t Ie eilgienvalue span, t lie ctrner-sttt e of spatial processing and it~s
I mi, l tt' Just ification. ()ne tiiav expect tl' ctriir-sttme is firmtly al taclied
,. v,';li~v. ,sprciallY for hlarge fixed, arrilvs.

I t)in I ' ti h 'r Ilanl .lI, ' .he lo al (CSlNI of several .lttf'ect ""  sotir es, t'atCli

S.' ".. t ..t'iiig a ; v 't, wa fv'tvtt, is Imt Lv itself siiflicient fotr the separat ion of seve'al
" "'" -, ,, ' t',,rI .()I' Cai olv sav th, i tik tf thi. ""p ft 0 qOiir' s ( SI) " is

I0
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(Ino t graI It ed at wditvefro IIt ) add Itheir owni futll ran k 1S) N I to ()ield t Ilie onlyI

actessil Itiat lix. the r'aw dlata (S1)\I. [he l)!wedlre hii lie c(Oiisirlererl Is
tl ien aim)v-st ep olie.

'[he first step consists InI t rying to eliuiinlate, as, much(1 as possile. t he
1iise, ( 'S1) %1 fromi t lhe raw (tlata ( "ID)NI To) do( so) we nleed at ueasoial:

generl(al imdel oIf tue noise (S DAL. wh'ichi is made fle.\ile eioigl I hroiigh
.r. the Itse o4 free hparaie i('s tinl pirinciple ( N P)) parameters; if P~ is ali'ealv

(imseli). to he fitted to thle iriest categoryv ol siti nations. Thien ithe free
pa raiuetoi (ill( ar ariedl to reduice the raiik (d t lie differeiice bet weeni tlie raw
(lalta 'A 'SDI)N and I t( ienoise ('SINI froml N\ to P. Ilie renlialing difIVleeun
iiiat lix is eXlee I('( t be t he S()tilce (iSD 1\.\

\\hl.e t( lieiiilhhei oIf P smti'(ce iiiiglit usuially lv iclerived l hor anl ex-
ali~iiiat 1() f, t ie( set o)f (igelivallies ill t lie raw data C (SDI). iiiirl SoIle

co)I~ii(i os the( noise mode(I(l mlay he reliable euioiigh (especially for)I fixe~l ar-
- rayNs) to ejthier iiiipose. or at least iiliiethle ('hone of' I>. lli facit he

cho(ice o)f P' caliiit be strictlv (leteriiiied pl'(''is'hx licalise we have Iliiid e
i1f) lssiiphti ii)Olit It lie wva e I'o s. 0 1 t lie o)tIlier hant Id , his. is not ( a

%lit ical cimce since it Is subject to a posterimrl verific'ationi.

Ili t lie secmiid st ep. P is now known and I Ilie Se'Co(l( order stai st n's ()f
lie noise have beenl eliminated. \N'hat remains is to) diseitaighe the( "mource

vecto(rs froni t heir ( N , ) ( SL)M. LVnfort nately t his diseiitaiigleliii
ciuiiot ie donec wli bot smiie additionial assuimiptins becaulse t here are(

all Win ut 1ied 11nu tuber of' siilinis 1'()' Sour'Ce ve'(tm.ir di r(ct Iv deiived In mil

I lie ( S1) NI.- These- soluitis l(depenid ()ii ii 't0 (d' it iih'et'iiii'l *II pa ra I In'crs
(OiT'imolllip 1) Int(i (legree( 0!, frieedlil o)f at ( P I'1 )uuiili ary unimt rix. As

a cm~i'sequncr we have to) Iinijase sonic .. weak" coiist raiiit ouu t Ie It('( ice

%vec(t 01's. soi )1 hat t ie hifre pariI i('t ei's lbe( )IIi l m]I puit ableA I Ilis allo winlg at
Sili it ioul to eiilerge.

Thec coli st rai ut suggested hiere is a. paraimet-ric r'epresent tat i n of' aoil ice

vector as a cohierent su n ()af itltd mnuitber of, "cmidit iohli planle waves,

(MV PWhich are not exact ly plauiie. bilt whose geolnet iv is mil V subject
toa poiste ciII (i rl wiIIle t1 li p~im rilI10IP v I'II Iauo ia InIIs c I Istit I 'aI TI Ie

hiuiiited Ii.lle of' IP\ pisorce vectoi'm anl I lieu' rh('xir ilIt ii 1ter.11ii

jph~vlc(. seciii to 'Just~ itlie clilili fol' t ilie aisiiiii1lil I li 'we'alk.

lb (((is raimt oiIlie ( P\Vi I his1 S"(uii'(f' Vo'eo't 01 )iior are ('liOs(li Ill

,Ilc( a ii v \ii'that tw lie iiiiilor of1 Ire scalhii, '11o Imll Iisdes O'Xnii'\ iiatch

oVol



('Ox( L I 7 5

"c ii't 11 ted with lhe saie source vector. Most of the assumplliot s aholit

III( S ,iice vectors which have been proposed in t lie literat ture are tar fr )i i

I Ills I(i it (, )alance. and act ually impose a specific form onto an alreadv

kiiwi eXleriiental (SDN1.
Ou it)ti( mi1 4, (f)W seenis to be acceptable as a weak assumption be-

ca"i;,se in a rich parametric representation, the physical definition of a given

pa I ll1(t1er ifI'lds Io )e blurry without loss of the parametric value. Als),,
- this ,miight he true fm r a parametric lcalization process fbr the assessme.

d' availale free parameters in the description ()f the mediul, such as the

mI,, briefly skcetched at the end of chapter -4.
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Appendix A

Classical Relation between

: r Cross-Spectral Densities
Before and After Filtering

+0

-(I ) w ll \ i f)put ~Vl ~ ()Vie ; it1 ()1A rf p le c I od H I l e it II( 'I I (.N-.. ii with h1Tl(ftl('I1:

¢: ( ~~~ivel' t ) aw() i l) ao)ses I?1  aio .) ecspeclye! v fill ere(1( ih lr~ ~ U '

, )Is s tI at f(1 '_12 \vllich deliver ( w NI) out pItt n( )iscs J1?() and M. we have

"w herc ('s(l (l(,1(ts cr)ss S)Cctral dcInsity and s( S)ectral densily. III the
.." * iiilar case wh're B; awld 13i are the same noise then,

c, I Bl13 1 (1 [?,1 ) ( A. 2

*r
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Appendix B

Matrix of Filters and Related
Equations

I -

"" As a rilhersaI with the ('SDM and a matrix of filters let us considcr N
, ' i I Ises:

-..~~~B , , .. /'... B7.... ... BN,:

wil ii a ('SI) NI C whose elements are c , nth row, mth column). Let, these
cl''ill ,is be pr,(cesse I hiirough a, maitr;r of filters as shown in figure B.1.
11l , hii,,iiv respni-e oi a filter is gp,, where:

I . I ho first sil script refers to the p"h output noise Bo which is filtered
p

l t he ),h ()f, filters.

Iic sec -cmid subscript refers to the W"h input noise B,, which feeds all
1 lie filte rs oJ t lie nh column of filters.

lie m at rix ()f filters G appears as a matrix is usually writt en--wit.I

l ,'iclit s y,, ill the pil row aid the n" column. Using the symbol D fr

"tilt c lu I- v , we have:

.5.~ ~ ~ ~ ~ ~ ~ ~ ~ ~~ ~~~? Y,,, :g + . +t,¢q,)++B,¢g,,)+-(t®qN)

,h" I' i e11f, rle frm a pel dix A. ilie i'ross-sl)p ctral delisit " (csd) lietweei
Ilic+ two t((,,I,'lls

79
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INPUT NOISES (CSDM C)

B, B Bm BN

OUTPUT NOISES)

Bp

-Ell

L-- - --- 1 ---

- - - - - - -

9 
gN 

' 

-H 9Na'...

FiueB :M irdo 'lca.Fles

N 
BN

'r.ofiirv maric .Ineed a. 1 enat r )I ofD 'iea ies.

N %
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('ompljaring (133) with (112) clearly shows

,~',. I he spectral denisity of B' is

pl

s. sd IB?' Yvs

'.\. N N

C(isihlering tile sequence of gp,, with fixed p as the row vector the

.' sei lienice of becomes the cohumn vector gp . Therefore

Ypp = (B1.6)
lie jii a ratic f ,r of Vect (I" g' (row na.rix) through mat.rix C.

'4- ) fdl,,w lhe convention iiade inl section 3.3, we should represent. the

s f, , tiller.s g,, by a column vector gp so that y,, = V as ill

-q,' , :-m . I e l*pation (3.13). and section 3.5.

--

V..

"

-V..
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Appendix C

Classical Factorization of a
CSDM - Normalized
Eigenvectors

A poi ) ve (definitec. He rmiit ian iiat ix like the ('SDN M C is knol wnI I ( factor

liitJ t. (('.1
where:

E Is ile diavoiial mlatrix of thle eigenlVI ies" (1.() (N

UIIs t ic ii itarY matiix whose colin in.q are tie nio rnawhzo eigenlvect (rs of

C!: Ii I -1 .ii. . . IlA'; placed ill the same order a's tl( he ec vallics ill ll.

I I e~11ca iise them e5 igellvectors are no(Irmalizedl andl ort og()Ial lo) each oi(the r:

IiI> ip

UINT U. I lie leliftv t V ma IN

)uef iiiaYr Ii) 1 Iv ('eck that eqiiat lou (('.1 is thle right ow ile l ieitlie
coi/I ls. of U are t lie ('lgelivectrs. "Ille (lelllitm ( u p IS .

CU 111

%8



84 APPENDIX C

It' eclualitin (C.1) is true we must have

TJK~tfj j lip (C.2)

We check 1his Iy multiplying out the left hand side. Beginiing with Uiip.

Sa1d moticing the rows of UT are i t , we end up with a. column vector x
where all tihe lel lill(s are null except fhe p"'l whose value is one. Pmirsuing

wit I EV, we get a column vector with all eleiuents null except the pth whose

valite is (p. Finally in the matrix product.

0

0
U ep

0

0

fuilv ti mh el ei(llents of the t", coluin of U are scaled ly the commonol factor
(P. "L'll e result is theu (Piip as expected froin (C.2).

.1-

OI.
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Appendix D

Orthogonal Images of a Set of
Correlated Noises

W"?mwimv that 1 liroiigh i lie Iiiai Fix of filters 6, hle I'or mer ('SJ)MN c"

Iw s h ec Ii ji GCG~ whlich maY also be writ ten as G'JEU G . Ii 1101 

11e av if mat rix of' filters GU.clearly the output11 mat rix uceoilie~s

hiauseU l iIlie idenititY lmatrix. So) we have got at set. ofI liuleol-

riaI'l noises with sIpectral denlsities *" C) ' ~s i te
)l1 % sial Mlte1frret.it iolI of' t lie (liagoiializat-11 I'i of iatrix C. The niew ide-

pi~ldenf noises axe thle "oi1l logoiial Imlages"' of' the iput noises. TIl( he lCje
G U~sosthat at 1ow% of, filters Inl G, is the( cm-resjpoildliig row of

U.1\! l ll st() Iillvco hc srpee taieo'testo iies m d

d lc(.1'~(X c ijl a e f l lile t .NV r le e'O e f ilh lt)Il

as



16"
A',[

Appendix E

Canonical Form of a CSDM

I lte is auot lIer canonical form of matrix CIt which is of use it chapIt)er I

6N

C ~ 1 >3 , t~ (E. i

I, I, a(wkcts is the dvadic product of a normalized eigenvect.or which forms
aI ( N .N) Inat rix. It is easy to check t.he previous equation, for exalplC

wit h, th eigelivector li,.

N

li,i, tih' scalars are between parenithesis. .Since

tiI i 1 I. and

0, for o - 1,

wr ('1d 11)j with

"'x wlwicli is 111' \erv delinijti ,n J UII. The samvE Ilini 1,,1(15 Iti. i al it/i '

87
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W% eq() m (-.2 I' 4 KV) VI,

V ~Ill this relai 11 V, app~ears to he a linear cominiitioi o)f t he ()tit, ver \eeI,
VI). But this Is ill~si~eSince i hey1 have beeni takent as idescrilig a trite

I'-(i~ieiis(4H lSiksjpace. The OlilY xlN to cmlij)I wit~h this p(lllat oil is to

Vp V 0 41p I
P

OVec to m. is a timri I IalIizeri vectmort il iogotul tIHe ()I hers. \V 1wa i Is trItle f(i'

V1. is ruef [Mr ativ V, Fheref're [eatunre 2: the Vp are' l1011tai'llzedf veet ors

motim)g2olial to) each o)ther.

NPIN
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